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Introduction

Dear Reader

Please allow me to introduce myself, | am Bastien, the author of this text. Enjoy this reading with a cup
of coffee, or any substance you like if it the side effects are not too damageable. Because life should not
be boring, we allow sometimes an informal language, in particular when giving some intuitive indication
in order to help the understanding. But the goal is really to present a formal mathematical material, or as
formal as possible whenever approximations or hypothesis needs to be done. The author considers that
there is something human in the contrast between the form and the content. And please excuse my
inexact English, | am not a native English speaker. If you want to write me to propose some corrections,

you are welcome.

By the way, this very first version of the text is released only with part | (Mathematical Background) and
part Il (Algorithms). And also with the first chapter of part Ill (Discretization). The other chapters of part
lIl and the next parts are in construction: part IV (MRI-reconstructions) and part V (Implementations). |
don’t really know when they will be ready. The reason why | publish the first parts of that text is that |

am in a situation where | need it to serve as supplementary material for scientific publications.

The present text can be considered as something between a course and a book. If you found it, you
probably know that “MRI” means “magnetic resonance imaging”, or “nuclear magnetic resonance
imaging” for purists. This text was originally written for the image reconstructions of MRI data acquired
along non-Cartesian trajectories (non-Cartesian MRI), which are essentially iterative reconstructions,
with a few exceptions such as gridded reconstructions. The fact that a trajectory is non-Cartesian makes
the reconstructions more subtle, more complicated than for a Cartesian trajectory. One of the
motivations for writing this text came in fact from a feeling of the author, that non-Cartesian MRI
reconstruction deserved a specific or dedicated mathematical formulation because the usual
mathematical tools used in Cartesian reconstruction are possibly not suited for implementing
non-Cartesian MRI reconstructions. That is why the text was originally named “A Language for non-
Cartesian MRI reconstructions”. However, all the mathematical material and algorithms described in the
present text are valid for any trajectory, including partially sampled Cartesian-trajectories and fully
sampled Cartesian trajectories, hence the title “A Language for MRI reconstructions”. Another source of
motivation for writing this text was the fact that mathematical algorithms for solving the optimization

problems we encounter in MRI reconstruction are usually described in a general abstract (not practically



oriented) way by mathematician who are specialists in optimization, while the implementations of these
algorithms for MRI reconstructions are often done by engineers who speak a different language than
mathematicians. The misunderstanding between these two worlds was one of the reasons why this text
was written, with the hope that it could help them to collaborate. Whenever | had the feeling that well-
known mathematical results, definitions or algorithms could be generalized, stated from a different
view-point, reformulated or described in details, in some way that could be beneficial for MRI

reconstruction scientists, | tried to do my best to achieve it.

One last thing: we break a few conventions of the mathematician community in this text. Notably, | don’t
put any dot nor comma after any equation. My mathematician friends threated me with a knife because
of that. But | will not put those dots. They are too ugly. | prefer to go to hell. Another thing that
mathematicians will never do in a text is to propose a pronunciation for some symbols. Here we do that.
Mathematicians are not aware that when engineers encounter some symbol such as “At” or “&”, they
may stop reading the text because they don’t know how to pronounce the symbol in their head. We are
human and we think with our senses, even if we construct mathematical objects. The author believes

that neglecting that is a problem.
This text is written (currently in development) in the intentions to reach following aims:

- to develop a notation, a formal mathematical description, a language for MRI reconstruction,

- to describe examples of MRI reconstruction algorithms with the developed language as formally
as possible,

- to point out where approximation and hypothesis need to be done in algorithms because the
mathematical formalism cannot be practically achieved.

- To present some real-world implementations.

In this first version however, we only present some mathematical background and algorithms, which

includes in particular

- adetailed description of the conjugate-gradient-descent-algorithm for solving different instances
of the least-square problem,
- the ADMM-algorithm for solving the generalized-LASSO problem, including the

generalized-LASSO problem with multiple 1-norm terms,



Plan of the text

The text is divided into parts, the parts are divided into chapters and chapters are divided into sections.
Part 1 is about mathematics only and contains the following chapters:

- In chapter 1 we define mathematical notations and review some results coming mostly from
linear algebra and sometimes from convex analysis or optimization theory. In particular, we
develop a notation in order to represent any vector space isomorphic to C" as a vector space
isomorphic to R?™. All vector spaces we encounter are finite-dimensional and all the presented
linear algebra material exploits the presence of a real Euclidean product on each vector space,
which may be different from the canonical Euclidean product on €™ and R?™. If A is the matrix of
a linear map between vector spaces X and Y, we will explain that the matrix AT of the adjoint

map verifies
At = Hy'AHy (%)

where A* is the complex-conjugate-transpose of matrix A and Hy resp. Hy are suitable matrices
related to the real-valued Euclidean products on X resp. Y (details are given in section 1.3).

We also present in chapter 1 a different definition of the gradient of a function. Namely, we set
grad,(f) = Hy' Vf  (+%)

where Hy is the matrix present in (*). This definition is particularly suited for vector spaces with

2-norms (defined later in the text) that are different from the standard 2-norms. In particular,

given the squared-norm function

x— |lAx = yllf, (o)

where A is any linear map from X into a (finite dimensional) vector space Y and where ||-||,2,,2 isa

2-norm on'Y, its gradient (as defined in ** ) has the familiar expression

At (Ax —y)

It is worth to point out that this alternative definition makes the negative gradient
(—grad,(f) ) parallel to the normalized direction of steepest descent for any differentiable

function.



- In chapter 2, we demonstrate that a version of the conjugate gradient descent method
(CGD-method or CGD-algorithm), can be applied to the least-square problem and always
converges to a minimizer of the squared norm function (*#%). In fact this is true for any linear
map A in (**#*), while most manuals restrict usually their description to the case where the
symmetric map AtA is positive definite. In order to demonstrate this convergence, we first
reformulate the least-square problem as an invertible problem that can be solved abstractly
(free of concrete evaluation) with CGD-algorithm, and we then show that the CGD applied to the
original least-square problem generate the same sequence as the invertible problem, up to a
translation.

- In chapter 3, we describe the generalized-LASSO problem.

Part 2 is about algorithms and is implementation oriented. We describe CGD-algorithm for 1-term,
2-terms and multiple-terms least-square problems, and we write some pseudo-code of those algorithms
in order to help their implementation. We describe then the ADMMe-algorithm for solving the
generalized-LASSO problem (including multiple 1-norm terms), which is one of the central algorithms for

today’s MRI reconstruction.

Part 3 contains only its first chapter for the moment. It describes how the real Euclidean spaces we work

on arise from a discrete approximation of the physical continuous world.

As this version 0.0 is the very first version of the book, we encourage the reader to contact the author if
he or she thinks that corrections or missing references, additional material, ... should be brought to the

text.
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An energy without comparison was brought by Benedetta Franceschiello who’s force spreads in
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Finally | would like to gratefully thank Matthias Stuber, who believed in me since he never fired me,
even if | have spent the three first years of my postdoc writing theories without producing a single

image. Thanks again.



Part I: Mathematical Background

In this part |, we describe mathematical notions and algorithms. This part contains no approximation nor
physical hypothesis. It contains no physics and there is no direct implication to MRI. It is a pure
mathematical description. We limit to point out, sometimes, how some mathematical notions are linked

to practical imaging concepts in order to help the intuition.

1. Euclidean spaces

1.1 Some language and definitions

Any vector-space we encounter in this text is finite dimensional. We recall the definition of a vector

space over a field:

Let be X a non-empty set and (K, @ ,® ) afield (@ is the addition in IK and ® is the multiplication in
K). Thenis (X, K, +, -) a vector space over the field (K, & ,© ) if the following axioms are satisfied:

"4+ " is a binary operation (called “addition”) from X X X to X which is so that (X,+) is an
abelian group (i.e. a commutative group). That is
(@)Vx,y,z€ X holdsx + (y + z) = (x + y) + z (associativity),
(b) there exist a unique neutral element 0 € X suchthatx+0=0+x=x Vx € X,
(c) for any x € X there exist a unique element x~! € X (the additive inverse of x) so that
x+ xtT=x14+x=0,
(d)itholdsx +y =y + x V x,y € X (commutativity).
- "-"is a binary operation (called “scalar multiplication”) from IK X X to X that verifies the
following axioms: Va, § € K and Vx,y € X holds
@a-(B-x)=(@0Op)-x
ba-x+y)=a-x+a-y
)(@®p) x=a-x+p-x

(d) the neutral element 1 of the multiplication in K verifies 1 - x = x.

In order to simplify the notation, we will just write a x instead of a - x, we will write @ § instead of
a © S, and we will write a + [ instead of a @ 5. We use then same symbol for the addition in K and in
X but the arguments make it clear which addition is written. The same remark holds for the
multiplication. In this text, we will only encounter the field of complex numbers C with complex addition

and multiplication, and the field of real numbers R with real addition and multiplication.



A linear function between two vectors spaces will often be designated as a “vector space

homomorphism” of just “homomorphism” for short. We write it for example as
A X —>Y
x — Ax

We will also call it a “linear map” or just a “map”. An homomorphism from a vector space to itself is
called an “endomorphism” and if it is invertible it is called and “isomorphism”. We recall that a linear

map A from X to Y is any function such that
A(eda+ Bb) = aAa+pB Ab

In most of the sections, we assume that every vector space is readily endowed with a vector basis. When
that is true, a vector-space homomorphism is thus uniquely represented by a matrix and a vector (i.e. an
element of a vector space) is uniquely represented as a column vector of coordinates. By abuse of
notation, if A is the matrix of a homomorphism, we will then also write the homomorphism itself with
letter A, the context being in principle clear enough to allow disambiguation. In order to state that a
vector space X is a real n-dimensional vector space, we will write X = R™. That means the choice of a
basis on X allows to write each vector as a coordinate vector in R™. Similarly, in order to state that a
vector space X is a complex n-dimensional vector space, we will write X = C™. That means the choice of

a basis on X allows to write each vector as a coordinate vector in C".

If X; ~R"and X, = R™, we will like to say that X; and X, are two “copies” of the same vector space
R™, although that language is not a formal mathematical convention. In fact are X; and X, different
(they differ at least by their name), but both are isomorphic to the same structure R™. The author think

that “being a copy of R™ or C"*” is less barbaric than “...being isomorphic to...”.

In some of the sections, we break the convention of assuming the presence of a vector basis and we
treat homomorphisms on vector spaces in an abstract way i.e. without any choice of vector basis. In that
context, any choice of a basis allows writing any homomorphism as a matrix, and any vector as a vector
of coordinates, but we let the choice of the basis open. The use of that convention will be mentioned at

the beginning of the sections in question.

We will use the symbol “:= " in order to write “equal by definition”.
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The complex-conjugate-transpose of any complex-valued matrix A will be written A* (pronounced “A
star”) and its transpose matrix will be written AT (pronounced “A transpose”). The real-valued matrix
consisting of the real part of A will be written real(4) or just rA, and the real-valued matrix consisting
of the imaginary part of A will be written imag(A) or just iA. We note that i4 is real-valued and is a non-

dissociable symbol. It does NOT mean “i times A.”

The complex-conjugate-transpose of column vector x is a raw vector that will be written x*
(pronounced “x star”). The transpose of column vector x is a raw vector that will be written x7
(pronounced “x transpose”). The real-valued vector consisting of the real part of a column vector x will
be written real(x) or just rx. The real-valued vector consisting of the imaginary part of a column vector

x will be noted imag(x) or just ix.

The matrix-matrix multiplication of matrices A and B will be written AB. The matrix-vector multiplication
of matrix A and vector v will be written Av. If v is a raw-vector and x a column vector, their product v x
is given by interpreting v as a matrix with one single line and x as a matrix with one single column.
Typically, given two real-valued column vectors x and w, then is wT x their standard Euclidean product.

If x and w are complex-valued is w*x their standard Hermitian product.

The complex-conjugate of a complex number a will be written a* (and not & because we keep the

bar-symbol for another notion).

Excepted homomorphisms, any function f will be written as f(+) in order to stress the fact that it is a
function and not a vector or a number. This didactic notation is more cumbersome than just writing f
but we gain in clarity and it allows us to write vectors like f, without an arrow on the top. For example, if
the function is complex-valued, f(-) describes the function while f(x) describes the complex value
obtained by evaluating function f(*) on argument x. Sometimes, we will have to break that convention
because the notation would become unpractical. We will always mention when that convention is

broken.
Given a homomorphism
A: X >V

x — Ax

11



from a vector space X to a vector space V, the kernel (or null-space) of A will be written Ker(4) (an

other notation is X(A) ) and is defined as the sub-linear space of X given by
Ker(4) :={x € X|Ax =0}

The image of A (or range of A) will be written Im(A4) (an other notation is Rg(A)) and is the sub-linear

space of V given by
Im(A) ={v eV|FxeX:Ax=v}={Ax|x € X}
We will write the square root of —1 with symbol j so that holds

A=1A+]jiA x=rx+jix a=ra+jia

A =1AT —jiAT x* =rxT —jixT a*=ra—jia

Speaking about this symbols, we will pronounce r4 as “are A” or “real-part of A” or just “real-part A”.
We will pronounce iA as “lI A” or “imaginary part of A” or just “imag-part A”. In general, we will
pronounce real(...) as the “real-part of (...)” or just “real-part (...)”. We will pronounce imag(...) as the

“imaginary-part of (...)"” or just “imag-part (...)".

1.2 Real and complex description of a complex n-dimensional vector-space

Given two vector spaces X =~ C" and Y =~ C™, we assume the existence of a vector basis in each of them.
All vectors x € X and y €Y are thus uniquely represented by vectors of complex-valued coordinates
and any homomorphism from X to Y is uniquely represented by a complex-valued matrix. We present in
this section two different but equivalent descriptions of such vectors and matrices. We will call them the
“real-description” and the “complex-description”. In fact, each one is a mathematical “representation” of
the other. But we will not use the term “representation” in this text because we don’t want to go into

the theory of mathematical representations, which is something defined very formally in mathematics.

For any vector x € X =~ C™", we define its complex description as the direct one i.e. x itself. In terms of

real and imaginary parts it means
x=rx+jix

The same holds on Y. For any matrix A € C™*™ of an homomorphism between two vector spaces X =~
C™ and Y = C™ we define its complex description as the direct one, i.e. A itself. In term of real and

imaginary part it means

12



A=1A+jiA

We define the real description of a vector x € C™ respectively a matrix 4 € C™*™" as the block vector
resp. block matrix

"

ix] € R?" resp. [rA —ia

2mx2n
iA rA] € R

Formally, this defines two functions defined by
R(): C* — R*"

x — R(x) = [rx]

ix
and

.'R('): men — RmeZn

4@ =1 T4

iA 1A

We do an abuse of notation by choosing the same symbol R for two different functions. But the
argument makes it clear, which function is selected (programmers would talk about “overload of
function name”). Therefore, given a vector y € C™ in another vector space, we also write R(y) for its

real description.

Instead of writing R(A) resp. R(x) we will also write RA resp. Rx in order to simplify the notation. We
will pronounce R(A) as “real A” or “real description of A” or just “real of A”. This has to be
discriminated from rA which is pronounced “are A” or “real-part of A” or just “real-part A”. In general
we will pronounce R(...) as the “real description of (...)” or just “real of (...)”. The symbol R will be

w. n
r

pronounced “real”, while symbol “r” will be pronounced “are”.

For the sake of completeness, consider the following simple example: hereafter on the left is the
complex description of a 4-dimensional complex vector. On the right stands the real description of the

same complex vector. We want to interpret it as two different description of the same vector.

13
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The inverse of R will be written R~ and will be pronounced “real-inverse”. It verifies obviously

R1 E;C] =rx+jix R~1 [TA —iA

o h4]=rA+jiA

It can be shown that all vector operations commutes with R and R~!. That means that these two
descriptions are fully equivalent. They are two descriptions of the same thing.
For example the complex matrix-vector multiplication verifies
Ax= (rA+jiAd)(x+jix) =@A-rx—iA-ix)+j({A-rx+1rA-ix)
whereas in the real description it reads

Rwﬂﬁﬂﬁ Jﬂrﬂ:rkm—qu

rdAl lix iA-rx+rA-ix
This demonstrates that
R(A-x) = RA-Rx
It can be shown similarly that the product of matrices A and B verifies

R(A-B) = RA-RB

As well,
A*=1AT —jiAT
and
[a -mT:[mT mq
iA TA —iAT rAT
shows that

14



R(A*) = R(AT
It can also be shown that A is invertible if and only if RA is invertible and it holds in that case
R(A™Y) = (RA)L =: RA™?
We avoid the definition of the symbol R(xT) or R(x*) for any raw vector x or x*.

We will note Idgn the identity matrix on R™ and more generally Idy the identity matrix of any finite-
dimensional vector space X. The reader may verifies that the complex multiplication of a vector by the

complex value a is equivalent to the matrix-multiplication by the matrix

a 0 0
0 ~ O|=raide +jiaiden
0 0 «a

in the complex description, or by the matrix

ra-idgn —ia-idgn
ia * id]RTl ra - lan

R(a) = [

in the real description. This defines the real- and complex-description of a complex value. In particular,
the multiplication by j (the square root of —1) is represented by the multiplication by the matrix

[ 0 —l'd]Rn]
idgn 0

in the real description. We finally notice that any real matrix of the form

[TA

-iA 2mx2n
iA rA]ER

[1.2.1]

defines a map from R?" to R?™ as well as a map from C™ to C™ by taking its complex description. But an
arbitrary matrix in R?™*2" s not necessarily of this form and its complex description is not necessarily
defined in general. All linear maps we encounter must have a real description of the form [1.2.1] in order
to make our algebraic framework valid. In practice, the linear map we encounter will always match that

criteria.

It is possible to build a formal theory of the real 2n-dimensional vector space (C"*, R, + -) i.e. the vector

space of n-components complex-valued vectors over the field of real numbers. The set of that vector
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space is made of complex valued vectors while the scalars that act on them are purely real numbers. In
that vector space is j not a scalar anymore, it is a matrix (a linear map) as described above. If X is a
vector space isomorphic to C™ by the choice of a vector basis (ey, ..., &,) (i.e. X = C") then the list of the
2n vectors (eq, ..., €n, J €1, .-.,] €n,) is a basis of the 2n-dimensional vector space X over the field of real
numbers and the multiplication by j is a linear map on X (which depends on the choice of the basis). The
multiplication by a complex value also becomes a linear map in that real vector space. This 2n-
dimensional vector space over the field of real numbers is in fact our real description of X =~ C™. We did
not introduce it as formally as a mathematician would do because it is cumbersome and we would not
gain any better understanding of the tools we need to describe MRI reconstruction. We leave that

exercise to the interested reader.

We finish this section with an example. Let be @ the n X n matrix of the discrete Fourier transform (DFT)
on C", which contains the complex-valued trigonometric coefficients. In the real description, this matrix
represents an isomorphism from the real vector space R?" to itself. That may sound counter-intuitive
because the matrix Q is complex valued. But in fact, Q can be written in the real description:

rQ  -iQ

RQ = [iﬂ rQ

It can perfectly be described as a real matrix. The DFT of a vector x can be evaluated as

[rﬂ -] ]

[rﬂ rx —iQ - ix]
iQ rQ ix

Q- -rx+rQ-ix
If on prefers the complex description (for some implementation purpose for example), we can use the

complexification of the previous result insetead:
rQ rx—iQ - ix)+j((Q -rx+rQ -ix) =02 +jiQ) - (rx+jix) = Q x

The right-hand side of the previous equation is the complex-description of the DFT and can be evaluated
with a common fast-Fourier-transform (FFT) implementation. The DFT can either be seen as acting on C"
or on R2™, There is nothing wrong in saying the (n-dimensional) DFT with matrix Q is a linear map from

the real vector space R?™ to itself.

1.3 Real-valued Euclidean-products, complex-valued Hermitian-products and 2-norms
We present in this subsection the real-valued Euclidean product on C™. Formally, the following

description is the same as considering the vector space (C™, R) of complex-valued vectors over the field

16



of real numbers, and to endow it with a real-valued Euclidean product. But we will here scarify a bit
formality to the benefit of simplicity by omitting to speak about the fields of real or complex numbers. It
has no consequence on the final results we want to describe. For practical reasons, we will also define

the complex-valued Hermitian-product associated to a real-valued Euclidean product.

The round-brackets (- | -) will stands for any complex-valued Hermitian-product, or just H-product for
short. We recall that a complex-valued Hermitian-product on a complex vector-space X (over the field C)

is a function of two variables
ClH): XxX — C
(x,y) = (x]y)
that verifies forany a,§ € Candforanyx,y,z € X

a) (ax+ Bylz)=a"(x|2)+ B*(y|2) and  (xlay+ Bz)=alx|y)+ B(x|2)

b) (xly) = (vIx)
c) (x|x) e R and (x|x) > 0wheneverx # 0 and (x|x) =0forx =0

Property (c) is called positive-definiteness. We note that the choice of defining skew-linearity in the first
variable is the physicist convention. The mathematician convention is to define skew-linearity in the

second variable.

The triangular brackets (- | -) will stand for any real-valued Euclidean-product, or just E-product for short.
We define here what is a real-valued Euclidean-product on a real vector space X (over the field R). Itis a

function of two variables
¢(lY: XxX > R
x,y = (x|y)
that verifies forany a,f € Rc C andforanyx,y,z € X

a) (ax+ Bylz) =alxlz)+ B{ylz)  and (x|lay+ Bz)=alx|ly)+ p(x|z)
b) (xly) = (ylx)
c) (x|x) € R and (x|x) > 0 wheneverx # 0 and (x|x) =0forx =0

For any two vectors a,b € R?", the standard E-product of a and b is the real value given by

17



(alb)gen == a’ - b
For any two vectors a,b € C", the standard H-product of a and b is the complex value given by
(alb)cn == a*-b= (ra’ -rb+ia® -ib) +j (ra’ - ib —ia” - rb)
For any two vectors a,b € C", the standard E-product of a and b is the real value given by

ra]T ) [rb

(alb)en ==real(a*-b) = ra® *rb+ia” -ib = [ia ib] = Ra" - Rb = (Ra|Rb)gzn

which is nothing else than the standard E-product (- | *)gzn on R?™. Or said differently, it is the standard

E-product of the vector space we obtain by considering the vector space (C™*, R, +, -).

In fact, the real part of any (complex-valued) H-product is always a (real-valued) E-product (while its
complex part is a simplectic form). We want to bring to the attention of the reader that the E-product
(which is real valued by our definition) will be of interest in our reconstructions, and NOT the H-product
(which is complex valued). The vector space of interest in this document is the 2n-dimensional vector

space C™" (over the field of real numbers).

One of the end-point of this book is the solving convex optimization problems where the domain of the
objective function is R?™ = C". That means that we consider the real- and imaginary-part of the image
as independent real decision variables. The notions of convex sets and convex function are naturally
defined on real vector spaces with real-valued E-product. As described later in the text, the conjugate-
gradient-descent algorithm makes use of a real-valued Euclidean-product in order to create a line-search
parameter, which has to be real by nature. That is why the complex-valued H-product do not enter
directly in the mathematical framework, but it is really the real-valued E-product enters into

consideration.

For the description of our reconstructions, we will need E-products that are more general than the
standard ones. For the sake of generality, will consider all existing E-products that are the real part of any

H-product on C™. That means that any of our E-product is the real part of an associated H-product.

Given an E-product (- | -)y := real(- | -)y with the associated Hermitian-product (- | -)y on a vector space

Y, we will make use of the induced 2-norm || - || , given by

lylly,z = \/<Y|Y>Y = \/(YD’)Y
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Both the H-product or E-product can be used to compute the 2-norm because they coincide when both

arguments in the product are identical.

The standard 2-norm on C" is

n
lllens = | Y Ircil? + lix 2
k=1

whereas the standard 2-norm on R?" is

n

2n
1Rxllgeny = | Y 1RO = | Y el + 1ol = lxllen,
k=1

k=1

1.4 The matrices associated to a H-product and an E-product

For any H-product (| -) on C™ there exist a unique matrix H so that
(alb) =a*Hb
Matrix H is then positive-definite and is Hermitian (i.e. H* = H).

The converse is also true: if H is any hermitian positive-definite matrix, then previous equation defines a
H-product. In term or real and imaginary decomposition H =7rH + j iH with real-parts rH and

imaginary-part iH, the positive-definiteness of H together with Hermiticity are equivalent to
rHT =rH rH is positive-definite iHT = —iH

Each hermitian product is thus associated to a unique matrix. We will say that H is the matrix of (- | -)

and that the former is a H-product with matrix H.
For any E-product {* | -) on C™ there is a unique matrix S so that
(alb) = RaT -S-Rb

and it follows from the properties of the E-product that S is a real, symmetric and positive-definite.
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Conversely, any real, symmetric and positive-definite matrix S € R?>™*?" defines an E-product on C" via
the previous equation. We say that S is the matrix of (- | -) and the former is an E-product with matrix S.

But all E-products are not necessary the real-part of a H-product.
We will restrict ourselves on E-products that are the real part of a H-product:
{a|b) = real(al|b)

By writing H the matrix of the H-product and writing S the matrix of the E-product, it can be shown that

the E-product can be rewritten as

ra]T _ [rH —iH] [rb

— T.c.
ial "liH rH ib]_Ra 5-Rb

alb) = |
Since
(alb)=a*Hb
it follows that matrix S is given by

S [rH —iH]:[rH iHT]: RH

iH rH iH rH

which is a real, symmetric, and positive-definite matrix. We have thus

S=RH

This stresses the important fact that an E-product is the real part of a H-product exactly if its matrix S is
the real representation of the matrix H of the H-product. In particular, the H-product associated to an

E-product is always unique.

We will say that the H-product (- | -) is associated to the E-product (- | -) and inversely. As we will see in
the next sub-chapter, this restriction makes the H-adjoint of any matrix A coincide with its E-adjoint,

which is a key feature of the algebraic mechanic we need.

1.5 Adjoint-homomorphism and Adjoint-matrix
We now consider a homomorphism with matrix 4 € C™*" from vector space X =~ C™ to vector

spaceV = C™ :
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A: X >V
x — Ax

We assume that X is endowed with a H-product (-|-)x with matrix Hy and we assume that V is
endowed with a H-product (- | -), with matrix Hy. Then it can be shown that there exists exactly one

homomorphism of matrix AI,
Al .V —Xx
v AL v
such that foranyx € X andv €V holds
(Ax|v)y = (x|ALv)X
and it can be shown that the matrix A}; is uniquely given by
Al =Hg'-A"-Hy,

The matrix A}; is the adjoint of matrix A with respect to (- | -)x and (-|-)y and the homomorphism

associated to AL is called the adjoint homomorphism.

Let us furthermore endow X with the E-product (- | -)x = real(- | -)x and V with the E-product (- |-), =

real(- | *)y. Then it can be shown that there exists exactly one homomorphism of matrix A;E
AL v —x
B
v Agv
such that forany x € X and v € V holds
(Ax|v)y, = (x|Afv),
The matrix A} is the adjoint of matrix A with respectto (- | -)x and (- | *)y.

Because (- | -)x is the real part of (| )x and (- | -)y is the real part of (- | -)y, it can be shown that the

matrices A} and AL are equal and we will write it A :
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— AT = gt
At = AL = A}

The adjoint matrix At is thus given by

Adjoint matrix in the

At = Hgt- A" Hy,
complex description

In the real representation, this translates to

Adjoint matrix in the

R(AT) = Syt -RAT -
(A7) = Sx Sy real description

The symbol A% is pronounced “A adjoint” or “A dagger” or “dagger A”.

We finally note that for a given homomorphism A4, its adjoint homomorphism Atis independent of any

choice of basis. It is the unique homomorphism verifying
= T
(Ax|v)y = (x|A v)X
for any vector v € V and x € X. Homomorphisms A and A can therefore be written free of any matrix.

1.6 Gradient and squared-norm functions

Given a real-valued function
fO:C — R
x=rx+jix — f(rx+jix)

we will say that f(+) is differentiable if and only if the two functions from R" to R given by

rx v— f(rx +jix) for any fixed value ix

ix — f(rx+jix) for any fixed value rx
are differentiable in the sense of real differentiation.
Given a real-valued function f () defined on C", we consider its real representation Rf () defined as

RF(): R — R
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(rx,iy) — Rf(rx,ix) := f(x) = f(rx +j ix)

The function Rf (*) is practically the same as the function f(-). We only reformulated the definition
domain. It follows that f(+) is differentiable if and only if Rf (+) is differentiable.

Let f(+) be a differentiable function. We define the gradient of f() in x as the unique vector grad, (f)
in X = C" that satisfiesforany h € X

fx+mn-h

(grade(Dlhyy = Jim =—

neRrR

Note that 7 € R holds in the entire section. Using the chain rule we can write

o fx+n-h)—f(x) . Rf(x+n-rhix+n-ih) — Rf(rx,ix)
lim = lim
7—0 n n—0 n

We define the nabla operators V,., (pronounced “nabla are x”) and V;,. (pronounced “nabla i x”) as the

column vector operators

7} 7}

orxq dixq
V=1 i and Vie=1 :
3} 3}

orxy, Jixy

It follows

i L& 1R~ fE)
im
n—0 n

. Vo Rf T rh
— T. . T. — rx .
=V Rf' -th+ V,Rf" -ih = [Vix:Rf] [ih]

_ er:Rf]T_ -1, _Th
= |vore| 57 Se ()

Because Sy is symmetric, Sgl is symmetric too. It follows

m)f(ﬂ n-nh)—f(x) _ (5;1_ vrxﬂf])T_SX_[rh]

We define

Vi = Vi Rf +j Vi Rf
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and we will pronounce it “nabla f”. In order to stress that the differenciation is done with respect to x

we will sometimes write V,. f and pronounce it “nabla X f”.

From

VTX Rf

Syl = R(HZYH and Vifo] = R(Vf)

we obtain

i L&+ )~ )
im =
n—0 n

(RWHE) - RWPH) Sk R = R(HF" - TF)T - Sy - R(R)
= (H7' -S|y

Since that equation is true for any h it follows that the gradient is given by

Gradient in the

grad,(f) = Hx'-Vf -
Complex-description

or in the real representation

Gradient in the
V., Rf

R(grad =S'1-[Tx ]
eyl ¥ VaRf Real-description

By the previous construction, the gradient always exists and is always unique. Sometimes, the definition
of the gradient is the transpose of the Jacobian matrix, or the Jacobian matrix itself. We note that our
definition of the gradient differs from those definitions. Our modified definition takes into account the E-

product on X. This has the following two advantages.

It can be shown that the negative gradient —grad,. (f) is parallel to the normalized direction of steepest
descent. In fact, the normalized direction of steepest descent is defined by

. f(x+n-p)
{llm T s.t. Ipllx2 = 1}

argmin
n—0

pEX
which can be rewritten in the real description as

T
wamn{[T] 7] (2 53] -1}
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The solution to this optimization problem is given in [1] on page 476:

- S)?l . [erRf :R( d
[ P] _ Vi Rf _ grady(f))

v, Rf T oy V. Rf lgrad,(f)llx
[Vix:Rf] X Vifo]

The normalized steepest descent direction is thus

_ grady(f)
lgrad, (Nl

We now consider a vector space X =~ C" with E-product (- | -)x and associated H-product (- | -)x with
matrix Hy. We also consider a second vector space Y =~ C™ with E-product (-|-)y and associated

H-product (- | -)y with matrix Hy. We consider a homomorphism, which has matrix M, given by
M:X —Y
x — Mx

and we consider y € Y. The real-valued squared-norm function

1 2
x> Sl Mx =yl

is differentiable and its gradient is given by
grad,(f) = Hy'M*Hy(Mx —y) € X

where the expression for the adjoint can be substituted in order to obtain

Gradient of the
grad,(f) = MT(Mx —y) € X squared-norm
function

In addition, we consider a further vector space Z =~ CP with E-product (- | -), and associated H-product

(- | )z with matrix H;. We also consider a homomorphism of matrix ¢ given by

p: X —Z
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xX—opx

and a vector z € Z. Then the two-terms squared-norm function
1 2 1 2
x> SlIiMx—yllyz + Sl ¢ x—zllz,

is differentiable and its gradient is
grad,(f) = MT(Mx —y) + ¢T(px—2z) €X

This establishes the form of gradient we will encounter in the conjugate gradient-descent algorithm that

is part of the ADMM-algorithm presented later.

Our proposed alternative definition of the gradient has therefore two advantages: the negative gradient
becomes parallel to the normalized steepest descent direction, and the gradient of a squared norm

function becomes similar to the familiar expression
M*(Mx —y)
which is the expression for the gradient in the case where the Euclidean products are canonical.

1.7 Orthogonal decompositions and orthogonal projections
Given an arbitrary vector space W with E-product (- | -);; with its induced 2-norm |||, and given a

non-empty, closed, convex set C € W, we define the projection [1-(w) of anyw € W onto C by

Me(w) = argminz [[w' = w(lf,,
wiec 2

The existence and uniqueness of that projection is a result of convex analysis.

If P is a vector subspace of W, the vector space W can then be written as the direct sum of P and its

orthogonal complement P+, which is defined with respect to the E-product (- | -}y :
wW=pP® Pt
It can be shown that
PHt="P
for any subspace P. Any vector w € W can be uniquely decomposed as the orthogonal decomposition
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w=w,+w,

with w) € P and w, € PL. The vector w) is called the “orthogonal projection” of w onto P and w, is

called the “orthogonal projection” of w onto P~. It can be shown that

Witz = [lwylly, , + Iwo i
It also holds
wy=MNp(w) and  w; = Mpi(w)
If C is an affine subspace of W, then there is a unique subspace P of W such that
C=c+P={c+p|peP}
for any ¢ € C. For any two c¢; and ¢, in C holds thus
c;—c,L EP

Let us chose a fixed ¢ € C and let be the following orthogonal decomposition of ¢ with respect to P and

Pt
c=ctcy
with ¢ € Pand c; € P*.Since —¢| € P it follows
c+(—c||) =c €EP
and therefore
C=c +P

The set C can be seen as the shift of subspace P in a direction that is orthogonal to P. The vector ¢, is in
fact the only vector of W that is both in C and in P*. In order to see that, we assume that ¢y, and ¢y

are both in C and in P*. Then is
€11— €  EP and ¢y, — ¢, EPL
hence

€1, — €2, =0
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Therefore is ¢, the only vector that is both in C and P, independently of the choice of c.
Let be w € W and let be C an affine set given by
C - CJ_ + P

with associated subspace P and ¢, as defined above. Let be the orthogonal decomposition of w with

respect to P and P+ given by
w=w,+w,

We define the orthogonal projection of any w € W onto C to be equal to w)| + c;. It can be shown that

this orthogonal projection is also given by I (w):
Mew) = wy + ¢,
1.8 The decomposition associated to a homomorphism and the invertible restriction of a

homomorphism
In this section, we don’t assume any pre-established choice of basis on the vector spaces. Any

homomorphism is thus free of matrix and any vector free of coordinates.

Let be A an arbitrary homomorphism between the vector space X with E-product (- | -}y and the vector

space V with E-product (- | )y :
A X >V
x — Ax
The adjoint homomorphism At is therefore the unique linear map
AtV —Xx
v — Atv
such that
(v|Ax)y = (ATv|x)X VvEV,VxEX

We write W+ for the orthogonal complement of a subspace W with respect to the given E-product in its
parent space. It is a fundamental result from linear algebra, sometimes called the decomposition

associated to A, that the following is always true:

28



Im(A") = Ker(A)* and  Im(A) = Ker(A")*
Because (W1)* = W for any sub space W, it also holds
Im(AJr)l = Ker(A) and Im(A)* = Ker(4")

We now define the “restricted spaces”

X := Im(A") = Ker(A)* c X

and

V := Im(A) = Ker(AHtcv

This very important situation is depicted in figurel.

A

— 1
Im(A) = V = Ker(A") L,  Im@A)=X-= Ker(A)~
\V X

A‘I’

Figure 1: A is a linear map from X to V and AT is its adjoint from V to X. Im(A) is orthogonal to
Ker(A") and Im(AT) is orthogonal to Ker(A). The invertible restriction A is an isomorphism
between X and V.
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We define the homomorphism A from X to V as the restrictionof Ato X and V :

X —Ax :=Ax VX € X X

It is also a fundamental result from linear algebra that A is an invertible homomorphism (i.e. an
isomorphism) from X to V and we will call A the “invertible restriction” of A. This can be seen as a

restatement of the well-known rank-theorem.
We note that
V =Im(A) =Im(A4)

Since AT is a linear map from V to X in its own right, it also have an invertible restriction AT from

Ker(A")t =V toIm(A") =X. It follows that

is also an isomorphism. We note that
X = Im(A') = Im(AT)

We now want to describe the adjoint of the invertible restriction AT = (4)*. For that purpose, we
consider the E-products on X and V naturally inherited from (- | -)x and (- | -);,. We define the E-

product on X by

(Tle)x = (Gl VX, % € X X
and we define the E-product on V by

(VilT2)y = (v1lvz)y VUL, 7, EV SV

The key statement about the adjoint of the invertible restriction 4 tis, that it is equal to the invertible

restriction of the adjoint AT. The demonstration is as follows. By the definition of the adjoints, which
always exist and are always unique, it holds forany 7 € V and x € X

(Ato|x).. = (AT9|%)

. = (ATo|x), = (0|AX )y = (BlAX )y = (UlAT )y = (AT0]|%),,

X
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It follows
At = at
In particular is A T therefore invertible and it holds

Aty = AT voeV

The bar-symbol on vectors such as ¥ has been used until now in order to designate a vector of the

restricted space such as V. We now give the meaning of an operator to the bar ~.

For any x € X we define the orthogonal decomposition with respect to Ker(4) = X * and its orthogonal

complement X as
x=X+ x,

where ¥ € X and x, € X * are uniquely determined. The vector X is the orthogonal projection of x on

X and x, is the orthogonal projection of x onto Ker(4) = X *.

For any v €V we define the orthogonal decomposition with respect to Ker(AT) = V+ and its

orthogonal complement V as
V= + v,

where 7 € V and v, € V1 are uniquely determined. The vector ¥ is the orthogonal projection of v on

V and v, is the orthogonal projection of v onto Ker(4") = T+,
It follows immediately that for every x € X and every v € V holds
Ax=A4% respectively Atv= Aty

Moreover is Ax € Im(A) = V and is therefore equal to its own orthogonal projection Ax. The same

remark holds for ATv that is equal to Atv.

We have thus shown the following lemma, that we will use extensively in the subsection about
conjugate-gradient-descent algorithm.
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Lemma of the invertible restriction

Let be A a homomorphism from X to V. Let be the restricted subspaces X and V as
previously defined. Let be A the invertible restriction of 4 and let be A T the invertible

restriction of AT.

Then, for any x € X and its orthogonal projection X onto X, respectively foranyv € V

and its orthogonal projection ¥ onto V, it holds

Ax=Ax = Ax respectively Atv = Aty = Aty
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2. The least-square problem

2.1 The least-square problem and its normal equation

Let V a vector space, v € V and let be the homomorphism
A X >V
x — Vx

We are interested in solving the following least-square problem

1 Least-Square Problem
x* € Sp50 = argmin > lAx—vllF, au
xeEX

The set S5 is the set of solutions to this problem. It is the set of minimizers of the squared-norm

function

x—3 lAx—vllf, Squared-Norm Function

The symbol x* stands for any element of Siso i.e. any minimizer of the squared norm function. The
least-square problem is to find a minimizer of the squared-norm function. We show as part of the
following that the infimum of that optimization problem is always reached i.e. S; 5, is not empty. That

problem is thus feasible.

The squared-norm function is differentiable and convex. A necessary and sufficient condition for x to be

a solution of least-square problem is therefore

o

1 2
V514 x - vii,| =
which can be shown to be equivalent to
Multiplying both sides by Hx ! leads

Hi'A*Hy(Ax —v) =0
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and substituting the adjoint of A leads
AtT(Ax—v) =0

which is equivalent to the normal equation

AtAx = Atv Normal Equation

The solution set S 5 is therefore equal to the solution set of the normal equation. We now describe this

solution set.
We recall that the kernel of A is given by
Ker(A) ={x eX|Ax=0}cX

If it is not equal to {0}, any solution to the least-square problem (if it exist) is not unique. This follows

from the fact that if n € Ker(A4) and x* € Sisq, theniis x* +n a solution too since

2

Lot T 21 4 )
e sm—vl =Zllax’—v] = minzllax—vi,

We recall that the orthogonal projection of v onto V' = Im(A) is uniquely given by

v = argmin - |[v' —v|l},
v’ € Im(4)

If x verifies A x = ¥ then x verifies

1
x € argmin= [|[Ax" —v||§,
x'ex 2

and thus x € S;gq. Inversely, if x € S5 it must hold Ax = ¥. The solution set S5, is therefore the

pre-image of v by themap A :
SLSQ = {.x EXle = 17}
In particular, the set S gy of minimizers is not empty i.e. the minimum is reached.

Moreover, if xf and x§ are two solutions, then holds
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and therefore
A (xf - xﬁ) =0
which means
x¥ — x¥ € Ker(4)
The solution set S; 5 is thus given by
Siso = x* + Ker(A)

Where x* is an arbitrary particular solution. There is however a unique solution that is in X . Let be x¥

and x§ two points which are both in Siso and ‘X . They are then equal to their own orthogonal

projectionon X :

— o # _
= xj and x5 = x3

xf

As we have seen holds
xf=xf+n with n€Ker(4)

Taking the orthogonal projection on X on both sides leads

xf = xf
hence
= xf

We will write x* this unique solution which lies both in S and in X . This notation is well posed since x¥
is in fact the orthogonal projection onto X of any solution x* € S. It can be shown that it is the unique

vector of 5,y with smallest 2-norm. This situation is described in figure 2.
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A
L Im(A) =X =Ker(A)

Im(A) = V = Ker(al)"

A‘I’

Figure 2: S, 5, is the solution set of the least-square problem. It is equal to A~1(¥), where A1 stands for
the set-theoretical inverse of A (i.e. A~1(¥) is the pre-image set of 7 by A ). The point 7 is the orthogonal
projectionof von V.
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Of note, the solution set of the least-square problem is never empty, while the solution set of the exact
equation

Ax =v Exact Equation

may be empty. If that equation has a solution, then it is equivalent to the least-square problem and its

solution set is equal to Sy g¢. This happens if and only if v € Im(A).
We will call AP™ the pseudo-inverse (or Moor-Penrose pseudo-inverse) of A:
APy X
w— APy eV

The existence and uniqueness of AP™ follows from the defining properties of the pseudo-invers. It

holds in particular
x# = AP

The solution x¥ is therefore always related to v by the pseudo inverse of A. We distinguish the following

cases:

- In the special case where A has full column-rank (i.e. A is injective in Im(A), the solution to the
least-square problem is unique, all columns of A are linearly independent, the rank of A equals

its column-rank) is the unique solution of least-square problem given by

x* = (AtA) Aty
and it holds
APy — (414)7 At

- In the special case where A has full raw-rank (i.e. A is surjective on V, there is a solution to the
exact equation, all raws of A are linearly independent, the rank of A equals its raw-rank) the

solution to the least-square problem with least-2-norm is given by

x* = AT(4AN) Ty
and it holds
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APV = At(4At)

In the special case where A has full rank (i.e. A is bijective on V, there is a unique solution to the
exact equation, all raws and columns of A are linearly independent, the rank of A equals its raw-

rank and its column-rank) is A invertible and the unique solution to the least-square problem is

and it holds
ApPinv — y-1

In practice however, we rarely encounter one of these special cases and the pseudo-inverse is

given, for example, by the general formulas
aviny = 1im(ATA + K idy) " AT = lim AY(AAT + Kcidy)”
K— K—

Informal note: There is some exceptional cases (we will encounter at least one) where some of
the previous formulas can be applied in practice for MRI reconstruction, if A is simple enough. But
usually, these expressions are of no practical interest for MRI reconstruction because the linear
systems we encounter are usually so big that it is out of question to perform a matrix inversion by
an exact method. We will instead approximate the pseudo inverse by a truncated iterative
method. In any case, these expressions of the pseudo-inverse remain of theoretical interest and
are important to understand some scientific articles.
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Summary:

The set of minimizers of the squared-norm function

1
Siso = argmin 1A x — v||Z,
xex

is the solution set of the least-square problem and is the pre-image of v by the map A. It

is a non-empty affine space given by
Siso = x* + Ker(4)

where x* is the unique solution that belongs to X , is the least 2-norm vector of Sisg, and

is given by the (Moor-Penrose) pseudo invers.
To the least-square problem, we associate the normal equation
AtAx = ATv
which solution set is S, 50, and the exact equation
Ax =v

which solution is S 5 if and only if v € Im(A), and is empty if not.

2.2 The invertible normal equation associated to the least-square problem
Let be the least-square problem

# 1 2
x" € S50 = argmin |IAx — v||i »
X
We consider ¥ to be the orthogonal projectioninof v € V onto V = Im(A4) :

v = argmin—llv—v'||12,,2
Ve 2

It follows that x is solution of the least-square problem exactly if it is solution of

Ax =71

39



The solution set of that equation is

xF 4 Ker(4)
Where x* € SLsq is the least 2-norm solution.
As defined earlier, the restricted space X € X is the orthogonal complement to Ker(A) :

X := Ker(A)* cX

And the restricted space V € V is the image of A:

V :=1Im(4)
We consider 4, the restriction of A to the sub spaces X and V :

A:X »V CV
Xx—AXx

where V contains ¥, the orthogonal projection v onto V . We have seen that 4 is invertible from X

to V . The invertible exact equation

Invertible
— Exact
Equation

has thus a single solution because it is implicitly meaned that X is in the definition domain of A, which is
X . It is straight forward to show that this single solution is x#, the lest 2-norm solution of the

least-square problem.

We have seen that A T is invertible too. The exact invertible equation is therefore fully equivalent to the

invertible normal equation

Invertible

|
—+
|
al
Il
|
—+
<

Normal

Equation

The single solution of that equation is x# and can be written as

x*t=A"1p
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It is also the single solution of the least-square problem which is both in X and S1so- The solution x* is

the orthogonal projection on X of any element any x* € SLso-

Because A is invertible, the homomorphism A T4 is hermitian and positive-definite, and of course
invertible. The invertible normal equation can thus be solved with the conjugate-gradient algorithm
(CGD-algorithm) in order to lead the unique solution x* in a finite number of steps imqx < dim(X) <
dim(X). The obtained sequence from the CGD-algorithm can only be written abstractly and cannot be
evaluated in practice. The key to solve that issue is to perform the CGD-algorithm with homomorphism
ATA instead of ATA and with data vector v instead of ¥7. We show in the following section that the

result is a solution of the least-square problem of the form
x* = xF +xy,

where x, is the initial value of the CGD-algorithm and x,, € Ker(4) is its orthogonal projection on
Ker(A). We also show that the solution x* obtained by the CGD-method is the orthogonal projection of

the initial value x, onto the affine solution set S5, = x4 Ker(4).

2.3 Conjugate-gradient-descent method for the least-square problem

In their original article of 1952 [2], Stiefel and Hestenes presented two iterative algorithms (and some
variants), both called “conjugate-gradient-descent method” (CGD-method or CGD-algorithm). The
authors chose to describe the methods in term of matrices and coordinate vectors but we will use a
basis-free description in the following subsection. We will write homomorphism free from any basis and

vector free of coordinates.
The first method is to solve the invertible linear equation

Qx=q

where Q is an homomorphism from a real vector space L to itself (Q is an endomorphism) that is
symmetric and positive-definite (and thus invertible), and where x,q € L. The method is described in
term of matrices and coordinate vector in R™ and it is considered that an orthogonal basis on X is used.

That means that the norm is the canonical 2-norm [|-||[gn , on R™ given by

Ixllgn2 = V{x|X)Rn

where the canonical Euclidean-product (- | -)gn is given by
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(x|x)gn = xT - x

and where x is to be read as a coordinate vector lying in R™. In that context, Q is read as a matrix and its

adjoint verifies Q1 = QT.

However, the method and all demonstrations in that article can be extended in a straight forward way to
the case of an arbitrary E-product. We don’t need to choose any basis to describe that method. We have
simply a vector space L with a 2-norm [|||,, , induced by the E-product (- | -),. The homomorphism Q can
be written free from any basis and the matrix Q* has to be replaced by the matrix-free homomorphism
QT. All vectors can also written in a basis-free way i.e. without use of coordinates. Moreover, the original
description of the CGD-algorithm on a real Euclidean vector spaces is perfectly adapted to our problem
since our vector spaces of interest are also real Euclidean vector spaces (and not complex Hermitian). In
order to match our naming convention, we will name that method the “CGD-algorithm (for the invertible
exact equation)”. The first CGD-algorithm presented by Stiefel and Hestenes in their article solves

invertible exact equation and reads as follows:
CGD-algorithm (for the invertible exact equation):
INITIALIZE

(a) Choose anx, € L
(b) Initialize the residual ro,=q—Qxy €L

(c) Initialize the search direction Po=TyEL
DOFORIi=0,1,2,..

2
ll7illZ,2

d) Evaluate the line-search parameter : a, = —=>—€R

(d) P = wilApd,

(e) Update the approximated solution : Xiy1 =X;+a;p; EL

(f) Update the residual: Ty =1—a;Qp; €L
o2

(g) Update the b-parameter: b; = %
illL,2

(h) Update the search direction: Di+1=Tit1+ bip; €L

UNTIL ||744]1Z2 = 0
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The second method described in the article is a method to solve the special case where the equation to

solve is normal, which means
Q = B'B and gq= BTb

for some B invertible from a space L to a linear space R and where b € R is a vector. It is sated in the
article that this second method is fully equivalent to the first method applied to homomorphism Q and
vector g, but its advantage is that the original data B, BT and b are used instead of Q and g, which is
better suited numerically. This normal equation above becomes equivalent to the invertible normal

equation by setting

B=A b=7v L=X R=7T

The invertible normal equation can thus be solved with the second CGD-algorithm presented in the
article. We will therefore call it the “CGD-algorithm (for the invertible normal equation)”. It reads as

follows:
CGD-algorithm (for invertible normal equation):
INITIALIZE

(i) Chooseanx; € X

(j) Initialize the residual To=U—-AX, EV
(k) Evaluate the search direction Do=ATToeX
DOFORIi=0,1,2,..
, __ latalg,
(I) Evaluate the line-search parameter: a, = —5~€R
a2l ,
(m) Update the approximated solution : X=X +ap €X
(n) Update the residual: Tii=T—8 Ap €V
— Atrals
(o) Update the b-parameter: b, = %
lat7l%,
(p) Update the search direction: Pa1=AT 1+ bp, €V

UNTIL |77l , = 0
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By virtue of the CGD-algorithm properties, the above iterations generate sequence

X, X1, Xz, o Xy with %= x* and g < dim(X) < dim(X)

We now rewrite this algorithm by replacing all unknown quantities by quantities we can evaluate in
practice. We obtain thus a new algorithm that generates a different sequence. For some reason that will

become clear in a few lines, we will call it the “CGD-algorithm (for least-square problem)”.
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CGD-algorithm (for least-square problem):
INITIALIZE

(a) Chooseanx, € X

(b) Evaluate the residual ro=v—Axy €V
(c) Evaluate the search direction po=At1r,€X
DO
, latrly.,

(d) Evaluate the line-search parameter : a; = —5=
A pilly »

(e) Update the approximated solution : Xip1=x;+a;pi €X

(f) Update the residual: Tiz1 = T;—a; Ap; €V
ATTL' 2

(g) Update the b-parameter: b; = w
4ty ,

(h) Update the search direction: Div1 = Atri  + bip; €X

UNTIL |AT7i,)5, = 0
Given any x, € X, we decompose it as
Xo = Xo,1 +Xo
and we decompose v as
v=v,+7V

We will now show that the sequence defined by the CGD-algorithm (for least-square problem) is as well
defined as the sequence defined by the CGD-algorithm (for invertible normal equation) by showing the

following theorem:

Theorem:
Foralli =1, ..., i;qx holds

Xi =X+ Xo

i =n,
a=q
b; = b,




Proof by induction.
We make in this proof an extensive use the “Lemma of the invertible restriction”. We begin with i = 0.
Step (a) simply consist of an initial choice for x, and

Xo = Xo + Xo,1
is true by definition.
In step (b), be evaluate

Ton=v—Axy EV
We note that
ro=v—Axo=V+v, - AXo+x )=V +v,— Axg= To+ v,

In step (c), we evaluate

po=ATryex
We note that

po=ATrg= AT (G+v) = AT =By
We have thus shown for i = 0 that
X=X +x9, and nn=T1+v, and pi =0

We now assume by induction that this is true for a given i.

For step (d) we evaluate

14t 7>,
= — 2R
“T aplE,
We note that
2 _ 2 B B
ATl , = At G +vDll,, = 477l = 1477,

and similarly
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1ApillZz = 1ABNG2 = 1A BllF2 = 1A Bl ,

It follows

For step (e) we evaluate
Xipp =X+ a;p; €X
We note that
Xig1 =Xt a;pp =X + X0 + 0P = Xp41 + X0
In step (f) we evaluate
Tiyr = 1y —a; Ap; €V

We note that

Tp1=Ti—aqAp; = T,+v, — @G AD, = g+ vy
In step (g) we evaluate
At
f ||A+Ti||)2(,2
We note that
latraly, A7l 147y,
o X2 _ X2 _ X2 _ p
' AT 1% - A7 1% . I1A*711%, ‘

In step (h) we evaluate
Piv1 = AT + bip; €V
We note that

Piv1 =AM+ bip = AT+ b, D = P
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Corollary:

Let be A any homomorphism from X to VV and let be v € V. Then, the CGD-algorithm (for

least square problems) converges to a solution of the least-square problem

# 1 2
x" € Spgo = argmin [|Ax — v||j,
xex 2

in a number of steps i;q, < dim(X) and it holds

# — x#
X" = X, = X"+ X1

Corollary:

By setting the initial value x, = 0, the CGD-algorithm (for least square problems) leads to

the solution
x* = x# = APy

and realizes therefore the (Moore-Penrose) pseudo-inverse of v.

We note that for the CGD-algorithm (for least square problems), the residual

rn="n+v,

2
is possibly never 0 because of the contribution of v ;. The stopping condition is instead ||ATri+1||X , = 0

L . 2
which is equivalent to ||7; 157 , = 0.
We now show that the solution

X =x*+ xo,

max

is the orthogonal projection of the initial value x, onto the solution set S;5o = x* + Ker(4), as

described in figure 3.
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The orthogonal projection of x, onto S is then given by

I (x) = argmini llx" — xol1% 2
x'es

:argminlux’—x_—x ||2
x'es 2 0 0L 1lx,2

_ 1
= x* 4+ argmin =|x* + xi—x_o—x(“_”z
x| EKer(4) X2

P 1,— 2 1 2
=x*+ argmin =||x* =% ||__ + =||x| —x
xj_E%(er(A) 2 ” 0 ”X»Z 2 ” L 0L ”X,Z

= x*+x,, =x*

We have shown:

Lemma of the orthogonal projection by CGD-algorithm

Given a point xy € X, the CGD-algorithm (for least square problems) realizes the

orthogonal projection of x,, on the affine space S, 5, by choosing x, as initial value:

x5t = M5 (x0)

We highlight finally the link between the search direction p; and the gradient of the squared-norm

function
1
x = = llax = viiE,
It can be verified that the residuals all verify forall i = 0, ..., i;0x
r;=v — Ax;
The search direction p; 4 verifies
Pir1 = ATrs + by p;

The first term is therefore
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1
ATTi+1 = AT(V —Axijyq) = _AT(Ale —v) = —gradx(EHAx - 17||12/,2)|x=xi+1

and is thus the negative gradient of squared-norm function evaluated in x;,;. The second term is a

correction that implies the AT A-orthogonality of all search directions
(ATApi|pj)X =0 for i#j

hence the name “conjugate-gradient-descent”.

A
Im(A) =V = Ker(A*)l P Im(A) = X = Ker(A)

A‘i‘

Figure 3: The CGD-algorithm (for least-square problems) takes x; as initial value and performs the
orthogonal projection of x, on the solution set S; g, of the least-square problem leading to a

minimizer x* of the squared-norm-function. Note that x* is the least-2-norm vector of S. Choosing

xo = 0 leads to the solution x* and the CGD-algorithm realizes in that case the evaluation of the
More-Penrose pseudo-inverse in v.
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Informal Note: In practice, in MRI reconstructions, many implementations of the CGD-algorithm
(for least square problems) are actually inexact because the line-search a-parameter is not
computed exactly but with inexact methods instead. The author can only hypostatize about the
reason for that. But it may be that there is some errors in those implementations that propagate
in the computation of the a-parameter and therefore gives a wrong value. A heuristic and inexact
evaluation of the a-parameter must then be done in order to restore the descent property of the
algorithm. If you allow a point of sarcasm, the persons implementing such wrong algorithms also
claim that the CGD-algorithm is simple to implement and can be written in 4 lines. It seems

therefore that in the real world, even very simple things must be considered very carefully.
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3. The generalized-LASSO problem

3.1 The 1-norm and the Soft-thresholding
If z € C™ we define the 1-norm of z as

n
lzllens = ) rzel + lizd
k=1

For Rz € R?" we define the 1-norm of Rz as

n

2n
IRzllgny = > 1Rl = D Izl + lizel = Izllens
k=1

k=1

We note that we don’t make use of the conventional 1-norm on C" given by

n
Dbzt iz
k=1

The definition of the 1-norm makes use of specific coordinates and in thus intrinsically linked to the

choice of a vector basis.

For the need of our theory, we define the component dependent weighted 1-norm on a vector space

Z = C" by
”Z”Z,l = ||Hg Z”(C",l = ||Hg TZ”Rn,l + |[Hy iZ”an,l

where Hj is a diagonal matrix of positive weights AZ;, ..., AZy given by

AZ; 0 O
H,=(0 =~ 0 ]
0 0 AZ,

It is therefore a hermitian matrix and is naturally associated to the E-product on Z given by
(z1123); = real{z] - Hy - z,}

In the ADMM-algorithm presented later, appears the proximal operator associated to the 1-norm. In
general, for any real-valued and proper, closed, convex function f () defined on a real Hilbert space Z (in

particular a real finite dimensional vector space), the proximal operator associated to f(-) is defined by
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proxg: Z — Z

1
z — proxs(z) ;= argmin f (w) + 5 |lw — z|I12,
WEZ 2

For the special case f () = s ||-||[gn 4 i.e. the standard 1-norm on the real vector space R™ multiplied

by a positive parameter s > 0, the corresponding proximal operator

1
. 2
pTOXS.”,”]Rn,l (Z) = argmin s - ”W”R",l + E ”W — Z”]R",Z
WER™

has a closed form called “soft-thresholding” and given component wise by

Zp — S

(proxs.”.”Rn'l(Z)>k = { 0

Zy + S

Zk>5
|Zk|SS
Zk<—5

}fork =1,..,n

We note that in that special case, the 1-norm is the standard 1-norm on R™ given by

n
1zllwns = ) 1zl
k=1

and the 2-norm is the standard 2-norm on R" given by

lIzllgn,2 =

Soft-Thresholding

In our case however, the ADMM algorithm requires the proximal operator to be define on Z =~ C™ which

is a complex-valued vector space. Moreover, its 1-norm is given by

||Z||z,1 = ||Hg Z”(C",l = ||Hg TZ”R”,1+ ||H iZ”Rn,l

while its 2-norm is given by

”Z”Z,Z = \/real{z* Hyz - z}
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and the associated E-product is

(z1122)z = real{z] - Hy - z,}

The corresponding proximal operator evaluated on vector z € Z = C" is then

1
argmins - ||w|lz, + > lz—wll,
wEZ

= argmin s-||[Hzrwllgn; + s-|Hz iwllgnq + lIrz —rwllZ, + lliz — iwllZ,
(rw+jiw) ez

=argmins - ||Hz rw|[gn 1 + [l7z — rwll%2 +j argmins - ||Hz iw||lgn, + |liz — iWII%Z
rw € R" iw € R

This optimization problem reduces for each component independently to the 1-dimensional problem

argmin s - |AZ, w| + AZy(rz;, —w)? = argmin s - |w| + (rz;, — w)? = PTOXg. i 1ny (TZ1)
weR weER R1

for the real part and similarly

argmin s - |AZ, w| + AZy (izy —w)? = argmin s - |w| + (izy —w)? = PTOXs. 1, (12K)
wER weER ,1

for the imaginary part.

It follows
argmins - |[w|[z1 + > ||z — Wllé2 = proxs_“.umnl(rz) + jproxs_",nmnl(iz)
w ez ' '
It follows that the proximal operator of s - [|-|| 7 ; defined on space Z with 2-norm [|-|| ; ; is given by

proxs.”.”m (Z) = p‘l"O.X'S.”,”Rn’1 (TZ) + jp‘f"O.XS.”,”Rn‘1 (lZ)

It is simply the complexification of the soft-thresholding applied on each component rz and iz

independently. We note in particular that this expression is independent of the matrix H;. Please take

note that we will assume the following in the reste of the text.
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C™, it will be assumed that this 1-one norm is of the form

||Z||z,1 = ||H, Z||c",1

with real positive-definite diagonal n X n matrix

AZy 0 0
H,=(0 =~ 0 ]
0 0 AZ,

case, the proximal operator associated to the 1-norm is given by

PTOXg. |14, (z) = PTOXg. | 1un | (rz) + jproxs,”,”M1 (iz)

Every time we encounter a 1-norm |[|-||z; on a 2n-dimensional vector space Z =

which is simultaneously the hermitian matrix of the E-product (- | -); on Z. In that

3.2 The constrained 1-norm problem and the generalized-LASSO problem

We define “quadratically-constrained 1-norm minimization problem” (Q-constrained 1-norm problem) as

the optimization problem

x* € 5,(8y) = argrr)l(in{ lp xllz1 5.t [IMx— 3’"12/,2 < SYZ}
X €

Q-constrained
1-norm problem

where the real value 6y is a maximal tolerance (or residual), the vector space X is endowed with the

E-product (- | -)x and [|-||x > is the induced 2-norm, vector space Y is endowed with the E-product (- | -)y

and ||-||y 2 its induced 2-norm, vector space Z is endowed with the E-product (- | -); and induced 2-norm

||IIl z > and also with the 1-norm [|-||z ; by a choice of a basis on Z, and where ¢ is a linear map from X to

Z and M is a linear map from X to Y. We restrict ourselves on the case where the matrix H, of the

E-product on Z is also the matrix of the 1-norm on Z. Note that the solution set S; is parametrized by the

positive constant &y.

We decompose spaces X and Y according to the orthogonal decomposition associated to M:

X=Xxt and Y=vYovrt
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with
X =Ker(M)* = Im(MT) and Y = Ker(MH)!t = Im(M)

The bar symbol = stands for the orthogonal projection on X or Y depending on the variable under the
bar. Therefore is j the projection of y on Y i.e. the closest point of Im(M) to y. The orthogonal

decomposition of y is
y=y ty.s
wherey € Y andy, € Y1 =Im(M)* are unique.
We define the closed ball of radius 8y centered in y as the closed set
Bs, ) =0 €YIlly =ylly2 <8 }cY

We define the constraint function y(-) by

y(x) = IMx -y}, — 87>

The constraint of the Q-constraint 1-norm problem can thus be written as

y(x) <0

The set of vectors that satisfy this constraint will be called the “feasible set” and will be denoted by

['(6y ). A vector x € X satisfies that constraint exactly if
Mx € m
It follows that the feasible-set is the pre-image by M of the set Im(M) N Bs, (¥) :
I'(8y) ={x €X|Mx € Im(M)NBs,(»)} = {x € X |Mx € Bs, ()}
This set is non-empty exactly if
5Y2 = ||)’J_||12/,2 =y - y”%',z
is satisfied. This gives a lower bound for 8y that that ensure that the feasible set is non-empty.

Since both Im(M) and Bs, () are closed, Im(M) N Bs, (y) is closed too. And since M is continuous, the

feasible set is closed as well.
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In order to guaranty that I'(8y) satisfies the constraint qualification of Slater, it must have non-empty

relative interior ( [1] page 226). A sufficient condition for that is

2
&y” > ||J/l||12/,2

and we will assume that it is the case. The situation is described in figure 4.

Im(M) = Y = Ker(M*)J'/M\ Im(M*) =X = Ker(M)J'

MT

Figure 4: The feasible set is ' (written I'(8y) in the text). The important fact about that figure is
that if 8y < |[ly,lly 2, thenis the feasible set of the quadratically-constrained 1-norm minimization

empty. In that case exist no equivalent generalized-LASSO problem.
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We can now reformulate the Q-constrained 1-norm problem as

x* € $1(8y) = argmin{||l¢ x|I1 s.t. x € T(8y)}

The feasible set I'(8y) is non-empty, closed and convex with non-empty relative interior. It verifies thus
the constraint qualification of Slater. The objective function of the problem is continuous and convex.

Our Q-constrained 1-norm problem verifies thus strong (Lagrange) duality.

To the Q-constrained 1-norm problem, we associate the generalized-LASSO problem

) 1
x* € Sy as50(A) = argmin ||¢ xllx1+ = IMx— Y||12/,2
xXeEX A

where A is a positive constant. This can be rewritten in the standard form

Generalized-LASSO

1 A
x* € Spass0() = argrglnz IMx—yll§, + > I x|z 1 Problem
XE

Note that the generalized-LASSO problem is unconstrained, in contrast to the Q-constrained 1-norm

problem. This problem can be solved with the ADMM-algorithm (for generalized-LASSO problem).

It is usually assumed in the MRI literature that, as a result of the theory of Lagrange duality, there exist
for any positive &y > |ly,|l$, a positive value A(8y) so that any obtained solution for the

generalized-LASSO problem is also a solution of the Q-constrained 1-norm problem, or in other words:

Srasso(A(8y)) € S1(6y)

We allow here a point of criticism concerning that assumption. The best result the author could find to
justify such a clam is proposition 3.2 in [3]. But that proposition is only valid for the LASSO problem,
which is equivalent to our generalized-LASSO only if ¢ is invertible. However is ¢ usually not invertible in
our MRI applications. Moreover, this proposition 3.2 describes explicitly values A and § as dependent of
the solution x* of both problems, while the ideal situation we would like to be true for MRI
reconstruction is that A only depends on Jy. The help of mathematician would be welcome in order to

clarify this situation.
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In any case, even if the previously discussed assumption is true, choosing the appropriate value of 1 as a
function of 8y remains a non-trivial problem and there is no generic method for that as far as the author
knows. To the time when the present text is written, the usual practice for performing so called
“compressed-sensing” MRI reconstructions is to ignore the Q-constraint 1-norm problem and to solve
the generalized-LASSO problem instead with an empirically chosen value for 4. We will follow that
established procedure in the present version of the text. But it is a hope of the author that this

uncomfortable situation will improve in the future.

As we will see in the section about the ADDMM-algorithm, each generalized-LASSO problem is

associated to a 2-terms lest-square sub-problem given by

2-terms least-square
. 1 0 sub-problem associated
X" € S50 = argg(ini IM x — }’”12/,2 + 2 | px — Z||%,2 to the
generalized-LASSO
problem

where p is a positive constant. This problem can be solved with the CGD-algorithm (for 2-terms

least-square problems).

The solution set of S; 4550 (i-e. the set of minimizer) for the generalized-LASSO problem is never empty
(see [4] for example). But it contains several different solutions in general. For example, if L :=
Ker(M) n Ker(¢) is not{0}, then for 0 # n € L and x* being a solution, is x* + n is a different solution

since

2 A 1 2 A
+2lg Gt e, = St =yl + Zlox,,

1
M (x#* + _
s e+ =] et 5,

Y,2
1 s A
= %}?EHM x=yly + §||¢ x|z

We give in appendix A another example of non-uniqueness even in the case where L := Ker(M) N

Ker(¢) is{0}.

Informal note: As observed by the author, solving the generalized-LASSO problem with the
ADMM-algorithm (presented later) converges (seemingly) to different solutions when giving
different initial images as input to the algorithm. This is an experimental indication that the

optimization problem we solve for such reconstructions do not have a unique solution.
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3.3 The generalized-LASSO problem with multiple 1-norm-terms

Let be the following generalized-LASSO problem with multiple 1-norm-terms:

# . 1 2 /11 /1R
x" € Spasso = EEEE IM x —yllyz + > lpy xllz, 1 + -+ > llpr xll 25,1
xex

We are going to rewrite it as a generalized-LASSO problem with single 1-norm-term.

First of all, we define

A= = YR A and l; = % and Lid; :

TR

and we rewrite the problem as

Generalized-LASSO
problem with multiple
1-norm terms

1 A A
x* € Spass0 = argmin IMx—yll§, + > 111 xll7,1 + -+ > llrpr x|l 2,1

XEX

We define furthermore the space Z by

Z:=le...XZR

We assume here that Z; =~ C™ and we define n:= Y& n;.Forz € Z; =~ C",i € {1, ..., R} we define

Zq
z==|1|€Z
ZR
We define the matrix H; by
Hz; 0 0
H,=1]0 0
0 0 Hy,

We define the 1-norm on Z as

R R
12llzs = D Wzillzgs = ) [z, 7illgn,, = IH 2llens
i=1 i=1

and the E-product forany a,b € Z as
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a1 * HZl 0 0 bl R
(a|b) = real [ : o - 0 : ] =real{a*H;b} = z<ai|bi)2i
aR 0 0 HZR bR i=1

so that the 2-norm on Z is given by

R
12132 = Y Izl
i=1

We define the map ¢ as

[11(1)1] [l1¢1 x]
X — px = Polx= :
lrpr lrprx

Our problem with multiple 1-norm-terms can thus be rewritten as the generalized-LASSO problem

u .1 2 A
x" € S:=argmin=|[[Mx—ylly, + sl xllz1
XEX 2 2

and can be solved with the ADMM-algorithm presented later.

The associated least-square sub-problem is

1 p
x* €S = argmin M x — ylI§, + 5 llpx — zl|5,
xeX 2 2

By expending the 2-norm we obtain the following least-square problem with multiple terms:

# ) 1 2 P 2 P 2
X" € Sis = argn}n{mz IMx—ylly, + 5 111 x — 2472 + -+ 5 llrpr x — 2rllZ, 2
XE

Multiple-terms least-square sub-problem
associated to the generalized-LASSO problem
with multiple 1-norm terms

which can be solved with the CGD-algorithm (for least-square problem with multiple terms).

61



Part II: Algorithms

4. The conjugate-gradient-algorithm

4.1 The CGD-algorithm for least-square problems

We recall the CGD-algorithm for least-square problems already presented in subsection 2.3.

CGD-algorithm (for least-square problems):
INITIALIZE

(a) Chooseanx, € X

(b) Evaluate the residual ro=v—Axy €V
(c) Evaluate the search direction po=Atr,eX
DO
, latrily,

(d) Evaluate the line-search parameter : a,=——55=€R
A pilly

(e) Update the approximated solution : Xiv1=x;+a;pi €X

(f) Update the residual: Tizi=T1;—a; Ap; €V
Atria

(g) Update the b-parameter: b; = w
latrily

(h) Update the search direction: pis1 =ATri 1+ bip; €X

UNTIL || At 74|}, is 0

The CGD-algorithm (for least-square problems) as given above can hardly be translated directly into a
programing language code. We define here a way to name the variables with alpha-numeric symbols and
rewrite the algorithm in pseudo-code using these new variable names. In the following algorithm, all
variable names are non-dissociable symbols, meaning that Ap, for example, do not mean “A time p”.
Instead, Ap designate a single variable. All products will be written with a dote “-”. The product “A times
p”, for example, will be written A - p. We will typically write expression such that Ap := A - p. The index
i will be replaced by the postfix “_curr” (for “current”) and the index i + 1 will be replaced by the postfix
“_next”. The squared-norm of a variable var will be written “sqn_var”. The adjoint of an
homomorphism A will be written “dagA” (for “A dagger” or “dagger A”). The residuals, written with r in

the algorithms above, will be written “res”. The algorithm can now be written with alpha-numeric

variable names on the left-hand-side and mathematical operation on the right-hand-side. Note the
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explicit intervention the hermitian matrices Hy and Hy,. The matrix Hy will be written HX and the matrix

Hy will be written HV.
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Pseudo-code for CGD-algorithm (for least-square problems)
INITIALIZE
Choose an initial guess x
Choose a machine-epsilon eps
Choose a maximal number of iteration nlter_max
nlter =0
resnext=v —A-x,
dagA_res_next = AT - res_next
p_next = dagA_res_next
sqn_dagA _res_next = real{dagA_res_next* - HX - dagA_res_next}
Do
nlter = nlter + 1
res_curr = res_next
sqn_dagA _res_curr = sqn_dagA_res_next

p_curr = p_next
IF sqn_dagA_res_curr < eps BREAK

Ap_curr = A-p_curr

sqn_Ap_curr = real{Ap_curr*- HV - Ap_curr}

_sqn_dagA res_curr

sqn_Ap_curr
X_next = x_curr + a:p_curr

IFnlter > nlter_max BREAK

res_next = res_culr — a-Ap_curr
dagA_res_next = AT -res_next

sqn_dagA _res_next = real{dagA_res_next* - HX - dagA_res_next}

_ sqn_dagA res_next

~ sqn_dagA_res_curr

p_next = dagA_res_next + b - p_curr
END DO
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4.2 Preconditioning
Let be the E-product (- | -)x with associated H-product (- | -)x on a vector space X =~ C™. Let be Sy =

RHy the matrix of that E-product in the real representation and Hy the matrix of the associated H-
product. It holds then

(x11x%2)x = Rx;"Sy Rx, = real(x} Hy x,) Vxq,x; €X

Let be the E-product (- | -), with associated H-product (- | -)}, on a vector space V =~ C™. Let be S, =

RHy the matrix of that E-product in the real representation and Hy the matrix of the associated H-
product. It holds then

(v1|vo)y = Rv, TSy Rv, = real(v Hy v,) Vvg,v, €V

Since Hy resp. Hy are hermitian and positive-definite, there exist unique hermitian positive-definite

square-roots (or principal square root) matrices Wy resp. Wy, such that

HX = W)}k WX resp. HV = W‘; WV
or in the real representation
Sy = RWF RWy resp.

Sy = RW,F RW,
For v, v, € Vit holds thus

(v1|vz)y = real(viHyvy) = real(viWy Wyv,) = real(Wyvy)* Wyv,) = (W [Wyv,)em
Similarily on X holds

(x1lx2)x = (Wxxq|[Wxxz)en
Let be A the matrix of a homomorphism from X to , v € V and x € X. It holds then

2
lAx —vllf, = IWyAx —Wyvllgm,

We define the substitute variable X by

£:= Wyx  whichmeans x= Wy!®
It holds then
(x1lx2)x = (Wxxq [Wxxz)en = (X1]|%)en = 3355\1T RX,
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and
I|A x — 17||12/,2 = |WyAx— WVU”ém,z = ”WVA Wyl — vallzm’z
We do the substitution
A=W,AWy?t and D:= Wyv

It follows

. - LN As  all?
S = argmin||A x — ||}, = Wy 'argmin||4% - 9| .
X€EX xecn "2

where the E-product for the variable £ € C" is the canonical E-product.

This is a reformulation of the lest-square problem on vector space C™ and C™ with canonical E-products

and the set of substitutions
Ri= Wy x A=W,AWg?! D= Wyv
is an example of preconditioning.

The solving of the least square problem can thus be achieved with the CGD-algorithm with canonical
E-products by preconditioning (i.e. by performing the above substitutions). For solving least-square
problems with the CGD-algorithm, preconditioning is an alternative and fully equivalent method to the

use non-canonical E-products.

Informal note: We mention this method because it is popular in engineering and many
MRI-reconstructions make use that. We will however stick to the use of non-canonical E-products in this

book. But we want to stress the fact that it is only a matter of convention.

4.3 The CGD-algorithm for least-square problems with 2 terms
The ADMM-algorithm presented later includes, as a sub-problem, the following two-terms least-square

problem:
# — 1 2 p 2
X" € Spgp = argmlnzllMx - 3’||y,2 + E”fﬁx - Z||z,2
X

We have
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IM x = yll§, = real{(M x —y)* Hy (M x — y)}
and
pllDx — z||% , = real{(¢px — 2)* pH; (px — 2)}

In order to rewrite the objective function as a single square term, we define the homomorphism A by the

concatenation

=13

and the vector v by the concatenation

_

Since Mx €Y and ¢px € Z it follows that Ax €Y X Z. We define therefore V := Y X Z. It follows that

any a € V can be written as the pair

_ [*1 .
a= [az] with a,; €Y and a, €EZ.
In particular is
v=[]ev

On V we define the E-product (- | )y as

a1* [H 0 b .
(alb)y = real{[a;] . OY PHz] . [b;]} =real{a” - Hy b} = (a;|b1)y + p{az|b;)z
With

= [ o]

0 pH,

It follows immediately that the induced 2-norm on V is given by
a2
laliZ2 = ||[a][| . = ealiZ2 + pllazliZ
2y 2
We now observe that
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2

1 1| Mx —y
e = 3027

1 p
, = 5 [IMx - ylg2 + S llgx — 2|3,

V.2
Our 2-terms least-square optimization problem can thus be rewritten with a single square objective as

# 1 2
x" € Sp50 = argmmz [[Ax — vll§; »
X

Given an initial value x,, a solution x* can be obtained by mean of the CGD-algorithm (for least-square

problem) given in subsection 4.1.

For the evaluation of AT we note that

- * - * * H 0 - * *
At = HglatHy = HP' T ¢1| sz] = Hg'[M*Hy p¢"H7 = Mt pg']

We observe the subtle fact that a factor p is present in front of ¢ .

For implementation purposes, we also propose the corresponding pseudo-code. The matrices Hy and Hy

will be written HX and HY respectively. The matrix p - H; will be written pH,.
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CGD-algorithm (for least-square problems with 2 terms):
INITIALIZE

(a) Chooseanx, € X
(b) Evaluate the residual
resyo=y—Mxy €Y
reszg=z—¢Qxy €EZ
(c) Evaluate the search direction

po=Mtresy,+ poptreszyex
Do

(d) Evaluate the line-search parameter :
Afr,= MTres_y;+ p ¢pTres_z

M p:
Ap; = [d)gi‘]evzyxz

2
latl,
C APl

(e) Update the approximated solution :

eER

Xit1 =X+ a;p; €X

(f) Update the residual:

res_yiyq = res_y;—a; Mp; €Y

res_zi,1 = res_z;—a; ¢p; €Z
(g) Update the b-parameter:

Alry = MYresy . + ppTres ziy
At
LAt

(h) Update the search direction:

Piv1 =ATr + bip €X

UNTIL || At 74|, is 0
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Pseudo-code for CGD-algorithm (for least-square problems with 2 terms)

INITIALIZE
Choose an initial guess x
Choose a machine-epsilon eps
Choose a maximal number of iteration nlter_max
nlter =0
res.ynext=y—M - x,

res_zZ next=z — ¢ - x,

dagM_res_y_next = MT - res_y_next

dagF_res_z_next = p - ¢T - res_z next

dagA_res_next = dagM_res_y_next + dagF_res_z_next
p_next = dagA_res_next

sqn_dagA_res_next = real{dagA_res_next* - HX - dagA_res_next}

DO

nlter = nlter + 1
res_y_curr = res_y_next

res_z_curr = res_z next

sqn_dagA_res_curr sqn_dagA_res_next

p_curr p_next

IF sqn_dagA_res_curr < eps BREAK

Mp_curr = M - p_curr

Fp_curr = ¢ -p_curr

sqn_Mp_curr = real{Mp_curr*- HY - Mp_curr}
sqn_Fp_curr = real{Fp_curr* - pHZ - Fp_curr}
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sqn_Ap_curr = sqn_Mp_curr + sqn_Fp_curr

_ sqn_dagA res_curr

sqn_Ap_curr

x_next = x.curr + a-p_curr

IFnlter = nlter_max BREAK

res_y_next =

res_y_curr — a-Mp_curr

res_z_next = res_z_curr — a-Fp_curr

dagM_res_y_next = M' - res_y_next

dagF_res_z_next = p - ¢ -res_z_next

dagA _res_next = dagM_res_y next + dagF_res_z_next
sqn_dagA_res_next = real{dagA_res_next* - HX - dagA_res_next}

_ sqn_dagA _res_next
~ sqn_dagA_res_curr

p_next = dagA_res_next + b - p_curr
END DO
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4.4 The CGD-algorithm for least-square problems with multiple terms
In order to be able to solve the generalized-LASSO problem with multiple 1-norm-terms, we need to

solve the following least-square sub problem
# ) 1 2 p 2
x" € Spg = argmin [|[Mx —ylly, + S |l¢x — zl|7,
XEX 2 2

where ¢ resp. z are of the form
Lips Z1
¢:[S ] resp. Z=[5]
lrPr ZR

ligi: X — Z;

Here are

homomorphisms for i € {1, ..., R} where each Z; is a vector space with its own E-product (- | -), and the
induced 2-norm |||z, .. We note that the previous least-square problem is therefore equal to the

following least-square problem with multiple terms:
# . 1 2 P 2 P 2
x" € Spgo =argmins M x —ylly, + Sl — 21|72 + -+ S |lpr — 2rllZ, 2
xex 2 2 2

but this has only an informative role. For our needs, we only have to consider the 2-term least-square
problem above. The CGD-algorithm that solves this problem is the CGD-algorithm (for least-square
problems with 2-terms) written above. For the sake of clarity and in order to help its implementation, we
will write now that algorithm again with all components of ¢ and z explicitly, and we will call it the
“CGD-algorithm (for least-square problems with multiple-terms)”. For implementation purposes, we also

propose the corresponding pseudo-code.
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CGD-algorithm (for least-square problems with multiple-terms):
INITIALIZE

(a) Chooseanx, € X
(b) Evaluate the residuals
res Yo=Yy —Mxy €Y
res_zyg=2zy — i1 x9g €27,

TeS_ZRJO = Zp — lR¢R Xo S ZR
(c) Evaluate the search direction

po =Mt res_y,+ p lld);r res_zyjo+--+ p lR(,l);r res_zpo € X
Do

(d) Evaluate the line-search parameter :
Atr,= MTres_y; + p l1¢;r res_zy;+-+p le); res_zp; € X
M p;
ap = |DPPilev =y xz, x .. x 24
lRPr pi
latl,.,
a=+——>5"€ER
1A p;ll7 2
(e) Update the approximated solution :
Xit1 =X+ a;p; €X
(f) Update the residual:
res_yiyq = res_y;—a; Mp; €Y
res_zyiy1 = res_zy; —a; Ligip; €74

res_zpiy1 = res_zp; — a; lpprp; € Zp
(g) Update the b-parameter:
At = MYresly + plLig) res_zZyit1 t ot p (R res_Zg,i+1
2
_ ||A1-ri+1||x,2
b llATRIZ
(h) Update the search direction:
Piv1 = ATri + bip; €X

UNTIL ||Atriq[) , is 0
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Pseudo-code for CGD-algorithm (for least-square problems with multiple terms)
INITIALIZE

DO

dagA_res_next = dagM_res_y_next +

Choose an initial guess x
Choose a machine-epsilon eps
Choose a maximal number of iteration nlter_max
nlter =0
res.ynext=y—M - x,
res_z1_next = z1 — l1¢; - xg
res_z2_next = z2 — [, ¢, - x,

res_z3_next = z3 — l3¢3 - x,

dagM_res_y_next = M' - res_y_next
dagF1_res_z1 next = p - lld);r -res_z1_next
dagF2_res_z2 next = p - lqu);r - res_z2_next

dagF3_res_z3 next = p - l3<;b;r - res_z3_next

p_next = dagA_res_next

sqn_dagA_res_next = real{dagA_res_next* - HX - dagA_res_next}

nlter = nlter + 1

res_y_curr = res_y_next
res_zl_curr = res_zl_next
res_z2_curr = res_z2_next
res_z3_curr = res_z3_next
sqn_dagA_res_curr = sqn_dagA_res_next
p_curr = p_next

IF sqn_dagA_res_curr < eps BREAK

Mp_curr = M - p_curr
Flp_curr = [l;¢, - p_curr
l,¢, - p_curr

l3¢5 - p_curr

F2p_curr

F3p_curr

74

dagF1_res_z1 _next + dagF2_res_z2_next ...




real{Mp_curr* - HY - Mp_curr}

- pHZ1 - Flp_curr}
- pHZ2 - F2p_curr}
- pHZ3 - F3p_curr}

sqn_Mp_curr

sqn_F1p_curr real{F1p_curr®

sqn_F2p_curr real{F2p_curr*

sqn_F3p_curr real{F3p_curr*

sqn_Ap_curr sqn_Mp_curr + sqn_F1p_curr + sqn_F2p_curr + sqn_F3p_curr + ...

_ sqn_dagA_res_curr

sqn_Ap_curr

x_next = x.curr + a-p_curr
IFnlter = nlter_max BREAK
res_y_next = res_y_curr — a-Mp_curr
res_z1_next = res_zl_curr — a-Flp_curr
res_z2_next = res_z2_curr — a-F2p_curr
res_z3_next = res_z3_curr — a - F3p_curr

dagM_res_y_next

= MT - res_y_next

dagF1_res_z1 next = p - llqb;r -res_z1_next
dagF2_res_z2 next = p - lzg‘b;r - res_z2_next
dagF3_res_z3_next = - res_z3_next

p - 13‘;15;r

dagA_res_next = dagM_res_y_next + dagF1l_res_zl_next + dagF2_res_z2_next + ...
sqn_dagA_res_next = real{dagA_res_next* - HX - dagA_res_next}
_ sqn_dagA _res_next

~ sqn_dagA_res_curr
p_next = dagA_res_next + b - p_curr

END DO
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5 The ADMM-algorithm for the generalized-LASSO problem

An optimization problem that will frequently be encountered in MRI reconstructions is the so called

generalized-LASSO problem

. 1 , A
x" € Spasso = argmin= |[M x —ylly, + = ll¢ x|z 1
xex 2 2

where S; 4550 is the set of minimizers of the objective, X, Y and Z are real Euclidean vector spaces of
finite dimension, the 2-norm ||-|| , is induced by the E-product (- | -)x on X, the 2-norm [|-||y , is induced
by the E-product (- | -)y on Y, the 1-norm [|-||z; is induced by a choice of basis on Z and the 2-norm
|IIlz 2 is induced by the E-product (- | -);, ¥ € Y is a parameter, 4 > 0 is a positive number and M resp.

¢ are homomorphisms given by
M:X —Y resp. d:X—>7Z

The following ADMM-algorithm finds a solution of the generalized-LASSO problem and was adapted

from [5] as follows:
INITIALIZE parameters and variables

a) Chose areal positive constant p.

b) Initialize the variables X ;- , Zcyrr aNd Ugyrrr

DO

.1 p
C) Xnext € argrgl(lng “M X — Y||12/,z + E ”¢x - (Zcurr - ucurr)”%,z
XE

d) Znpext = ProXase |z (P Xnext + Ucurr)

e) Unext = @ Xnext + Ucurr — Znext

f) Update (xcurr: ZC‘U,T'T' ucurr) — (xnext' Znext' unext)
UNTIL some stopping-criterion is satisfied

We note the generalized-LASSO problem above is a general formulation that includes the
generalized-LASSSO problem with multiple 1-norm terms. If the problem includes only one 1-norm term,
the least-square sub-problem can be solved with the CGD-algorithm (for least-square problems with
2-terms). If the problem includes multiples 1-norm terms, the least-square sub-problem can be solved

with the CGD-algorithm (for least-square problems with multiples-terms).
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We also note the symbol “€” in sub-problem (c). In the original algorithm presented in [5] stands an “="
symbol instead, suggesting that sub problem (c) should have a single solution. In practice however, the
solution of sub-problem (c) is usually not unique. Instead, we take X, and project it orthogonally on
the solution set of sub-problem (c) with the CGD-algorithm in order to obtain x,,,;. The author ignore if
this process then still leads to an algorithm that converges to a solution of the generalized-LASSO

problem. It is probably a question that needs to be answered.
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Part III: Discretization

6. Sampling of functions and approximation of norms with their associated

Euclidean-products

In this chapter are done the first approximations. We bring a particular care to the definitions of the
norms on vector-spaces, in order to ensure that these norms are induced, or approximated, by a
sampling-independent norm. Doing so, we ensure that a resampling do not alter the norm of vectors, at

least approximately.

In this first version of the text, part lll contains only one chapter. The discretization of space and time
with linear maps from space-time to other domains will be exposed in the next chapters coming in future

versions.

6.1 Sampling

Let be f(-) a complex valued functions given by:
fORE—C
q— f@)

where d is typically equal to 1, 2, or 3. The variable ¢ will be called the position. Let be n a positive

integer and let be gy, ..., 5, a list of positions. We define

fi=f@), k=1.,n

fi

.

will be called the sampling of function f(:) according to the list of positions (or on the positions)

The vector

N

G1r > qn-

6.2 The 2-norm of a vector related to the L2-norm of a function

As it often appears in practice, let be y € Y =~ C™ the sampling vector of a complex-valued squared-

integrable function y(-) defined on R and sampled on the positions El, ...,l_c)m € R%:
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yp = y(kp) for p= 1, ., m

The L2-norm of the function y(-) is then given by
2 Y
Ol = [ dkt |y®)|
R4

The finite-element approximation of the integral on the sample points ki: ,E{ is

m m m
f dk® [y(k)| ~ Z AK, |y(kp)| = Z AK, |3’p|2 = z AKy, Typ* + MK, iy
Re p=1 p=1 p=1

where the real numbers AKj, ...,AK,, are the volume elements containing each a point of the list
E, E Typically, AK;, can be chosen to be the Voronoi-region of point E. By choosing rH to be the

diagonal-matrix with diagonal-elements AKj, ..., AK,,, and iH to be the zero-matrix i.e.

AK, 0 .. 0
0 o

HY = : ., ., O = rHY
0 ~ 0 AK,

we obtain

m
D ARy Ty, + ARy iyy? = ryTHery + T Heiy = (ylyly = real0ly)y = Il = IOl
p=1

In that case the matrix S is given by

_[rHy O
Sy = [ 0 rHy]

And we have shown that

Iylly,z = llyOll2

We have defined a H-product on the space Y by defining the matrix Hy. We have therefore also defined
the associated E-product. These products have a natural signification because their associated 2-norm is

an approximation of the L?-norm of function defined on Y.

79



We will also make use of similar but different definitions of 2-norms as follows. Let be a vector x € X =
C™ be the sampling of a complex-valued squared-integrable function x(-) defined on R% and sampled on

the positions 74, ..., 7, € R%:
x, = x(7,) for p=1,..,n
We restrict to the case where the positions sample a uniform (Cartesian) grid.

Informal note: As you probably guess, the positions 7y, ..., 7, € R3 are typically the voxel-center

positions of an MRI-image and x represent typically the transverse magnetization.

Let be the L?-norm of the function x(-) given by
IOl = [ drt u@ x@P
R

where the positive-valued function u(+) is sufficiently well-behaved so that it defines a measure on R9.

The finite-element approximation of the previous integral on the sample points 77, ..., 7, is

n
fddrd u@|x())? =~ 2 Ayor 1(7y) |x(7p)| Z AR, |xp| Z AR, 1x,? + ARy, ix)*
R —

where the real positive numbers AR, ..., AR,, are defined by
ARp = Ayor - u(7)
and where Ay, is the volume of a cell of the uniform (Cartesian) grid sampled by the positions 77, ..., 7,.

By choosing rHy to be the diagonal-matrix with diagonal-elements AR, ...,AR,, and iHy to be the

zero-matrix i.e.

AR, 0 0
HX = (.) (:) = THX
0 0 AR,

we obtain
n
Z AR, Tx,% + ARy ix,* = rxT - Hy-rx + ixT - Hy - ix = (x|x)y = real(x|x)x
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2
= lIxll%2 = lxOIz

In that case the matrix S is given by

S = rHy 0
X [ 0 THX]

and we have shown that
llxllx2 =~ [Ix(Il,2

This defines a spatially weighted 2-norm. The weighting can be done uniform by choosing u(-) =1,

which means

for all p.

6.3 The 1-Norm of a vector related to the L1-norm of a function
Please refer to sub-section 3.1 for the definition of the 1-norm on a complex- and real- finite dimensional

vector space.

Let be z(-) a complex valued function given as

and let be z € Z ~ C™ the sampling of z(*) on the position 7y, ..., 7, € R%:
2z, = 2(7) for p=1,..,n
Let be the real and imaginary part of z(*) given by the functions
rz(): R* - R
and
iz(): R* - R

It holds thus
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rz, =1z(r,) and iz, =iz(r,) for p=1,..,n
We assume furthermore that rz(-) and iz(-) are absolutely-integrable meaning that the integrals
Jpadr® u@|rz(#)| and Jga dr® u@) liz®)|

both have finite values and where u(7) is a sufficiently well-behaved positive-valued function so that it
defines a measure on R%. We assume that Ay, is the volume of the Voronoi-regions of each of the
points 73, ..., 7,, € RZ. This is typically the case when 77, ..., 7, are located on a uniform (Cartesian) grid
(such as the pixel-centers of a picture), in which case Ay, is the volume of each cell of the grid. The

finite-element approximation of the previous integrals are then
YN-1AZ, - |rz,| and YN-1AZ, - |izy|
where
AZ, = #(Fp) Ayor
We define the sampling-independent L!-norm ||-|| 1 of the function

2 [rz(?)

iz(7)

as

[N = [ art u ra@i+ izt = Izl + izl

Ll
[6.3.1]

This is the most natural L1-norm defined for vector-valued function having each component
absolutely-integrable since any pair of norms ||-||; (defined on a space U) and |||l (defined on a space

W) naturally induce the norm ||-||yxw (defined on the space U x W) defined by
u u
IETN o=l + il w[2] € 0 xw

Since the value of this norm depends only of the function, it is sampling-independent.

This definition of the L1-norm of vector valued function is particularly suited for our needs since the

finite-element approximation of [6.3.1] is given by

82



n
TrzZ(" - - . - .
[. (_)] = f dr? u(@ (lrz@| + liz(#)|) = Z AZ,, |rzp| + AZy, |sz|
iz() Il R
r=1
= |lzllz1 = l|Hz zllcn 1
where Hj is the diagonal matrix
AZ; 0 O
HZ = 0 ., 0 ]
0 0 AZ,
We have thus
rz(’)
I, = s = 2l

This shows that the 1-norm |[|-|| 7 ; on the vector space Z is an approximation of a sampling-independent

norm.

We never use the 1-norm |||[,1in practice. The reason why we define that norm is because it provides a

number close to [|z||; ; independently of the sampling. If we assume another sampling
7, .,y € RY

on another Cartesian grid with cell volume AZ’, we obtain a different sampling z' € Z' ~ C" of the
same function z(-). But for the associated 1-norm |[|-|| ; ; still holds

rz (") .

”[lZ()] i ~ ”Z ||ZI’1

and therefore
”Z”Z,l ~ ”Z’”Z',l

The definition of the sampling independent L1-norm ||-|[,1 allows thus to induce a weighted 1-norm on

Z that is approximately independent of the chosen Cartesian sampling.

We note moreover that the diagonal matrix H;, which defines the 1-norm, naturally induce an E-product
(| )z on Z. It is important that the matrices defining the E-product on Z and the one norm on Z co-

inside i.e. are both equal to H; in order to guaranty that the proximal operator of the 1-norm is equal to
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the soft-thresholding described in section 3.1 and remain independent of H;. If they are note, the soft-

thresholding becomes component-dependent and we don’t treat that case.

In the rest of the text, we will always assume the following.

Every time we encounter a 1-norm |[|-||z; on a 2n-dimensional vector space Z, it will be assumed

that this 1-one norm is of the form

lzllz1 = IHz zllen1

with real positive-definite diagonal n X n matrix

AZ, O 0
Hy=]0 - o]
0 0 AZ,

which is simultaneously the hermitian matrix of the E-product (- | :); on Z. In that case, the
proximal operator associated to the 1-norm is given by

proxs.”.”m (Z) = p‘f‘O.X'S.”,”Rn’1 (TZ) + jp'f‘OX'S.”,”Rn‘1 (lZ)
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Appendices

A. Counter-example to uniqueness of the solution of the generalized-LASSO

problem

We consider X = Y = Z = C? and we consider the homomorphism

M:X—>Y=X
x — Mx
given by the matrix
1 1 0 0
M=\/§ ; ;] or alternatively RM =\/§g S 2 (1)
0 0 2 2

We chose ¢ = idy so that Ker(¢) = {0} and thus L := Ker(M) n Ker(¢) = {0}. We choose
canonical E-product on X. We chose A = 2 and y € C? by

Y= E [ch]

where { € Rso that iy is 0. Moreover we write x as

X = [Z]E(CZ

with a, f € C. We define then the objective function of our generalized-LASSO problem as

1 , A 1 , 2
G = SIMx = ylka + SN xllzs = SIMx =y, + Sllxlicz,

2

1 |2 _
=32 E[zzj:gﬁ—(zq +||[C;?]

c?1
C%2

1 . 4 2
:§|a+ﬁ—(| +§|a+ﬁ—(| + lal + 18]
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= la+p - ¢I>+lal+ 18]
We note now that
fO) = la+p =P +lal+ 18l = lra+7B— {I* + lia + B> + |a| + |B]
>lra+rB— {|*+|ral+ |rB| = f(rx)

The set of minimizer of f(+) is thus purely real. Hence we can restrict & and f§ to real values. We

define the substitute variable
u(a,f)=a+ B so that a=u—f
Thenis

fOax)=lu—¢I2+u— Bl+ 1Bl

Since the objective function of the generalized-LASSO problem always reaches its infimum, there

exists some minimizer

B#
So that
: — |, # 2 # # #
inf f(x) = |u* = ¢|" +|u* — B*| + |B¥|
x€C
where u# = o + B#. We can assume without limit of generality that u* > 0 because we can

always chose ¢ large enough so that the value of u is forced to be larger than 0. It holds

moreover
B = arggginlu# — Bl + 18I
We observe that
] = [u* = g+ B| < [u* - B + IB]
By choosing B € [0, u*] it holds then
[u? = B+ 1Bl = w' = B+ p=u" = [u'| = minu® — B+ |5
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As a consequence, 3% can take any value in the interval [0, u*] and the minimizer is not unique.
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