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Introduction: the analysis and the synthesis

The fundamental idea of Fourier analysis is probably much older than Monsieur Fourier and is present in
all areas of mathematics, of natural sciences, in medicine, in philosophy, in alchemy and other areas of
the human mind. It is the idea of the “Analysis” and the “Synthesis”. Or in one word: “Atoms”. It is the
idea that anything in this word is a combination of fundamental parts, of fundamental ingredients. The
decomposition of an object (a body, a piece of a material, a something...) into the fundamental
ingredients is the analysis. The result of the analysis tells which quantity of each ingredient is present in
the object. That list of quantity is the spectrum. And given a spectrum, the combination of the
ingredients with their correct respective quantities in order to form the object is the synthesis. Every
time one hears about a spectrum, it means that some decomposition into fundamental ingredients is
going on. When Richard Feynman says in the introduction of his “Feynman lectures on Physics” that if
the humanity had to save the most essential thing we have learned about nature on a little piece of
paper, we should write that the world is made out of atoms, | thought first that it was about the material
physical world only. But | am now tempted to think that what Feynman wanted to say (consciously or
unconsciously) by “atoms” is that the world is a combination of a few ingredients. The notes of the
music. And that the richness of the world arises out of the richness of the combinations. The accords. As
if the relations between the notes carry a richness that it not present in the notes taken individually. This
idea is so present in sciences, and probably in nature itself if we believe that science describes the

nature, that the idea of atoms is one of the most important things human have discovered.

What Joseph Fourier was able to realize, in his work on the series and integral transform of his name, is
to identify the atoms of some families of functions, and to find out which quantity of each atom is
present in a given function. He found out the magic formulas to decompose a function in fundamental
vibrations (or notes), and how to build a functions from its spectrum. The spectrum of a periodic
function is made out of its Fourier coefficient, and the synthesis is realized by the Fourier serie. The
spectrum of a “sufficiently fast decreasing” function is given by its Fourier transform and the synthesis is
realized by the inverse Fourier transform. That being said, it is now clear that we should say “Fourier

analysis and synthesis” to be precise but we will keep the title “Fourier analysis” for short.

It is however none of the Fourier coefficients or the Fourier transform that we use in modern digital
systems for signal processing, medical image reconstruction, telecommunication.... It is the discrete
Fourier transform (DFT), a discrete version of the Fourier transform. Astonishingly, the DFT was not

invented together with the use of modern computers. In fact the mathematician Gauss already made use
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of it by hand in his calculation for astronomical observations and some sources even suggest that antic
civilization were using it in some form. But it is only since 1965 that the DFT began to impact our world in
such a way like today. What happened in 1965 is that Cooley and Tukey re-discovered the fast-Fourier-
transform (FFT) algorithm (which evaluates the DFT in a rapid way) without knowing that it was already
invented by Gauss (again) in 1805. But in contrast to Gauss, Cooley and Tukey had computers to take
even more advantage of the rapidity of the FFT. While the matrix multiplication that realizes the DFT
needs a number of operations that scales with N? for a data vector of size N, the FFT algorithm leads to
the same answer with a number of operations scaling with N log(N). The gain of time is so that it makes
some technologies possible, which would be completely impossible without the FFT. The impact on our
societies was so that, as Brad Osgood says in his course (“The Fourier Transform and its Applications”,
Electrical engineering department, Stanford University): “According to some, the modern world began in
1965 when J. Cooley and J. Tukey published their account of an efficient method for numerical

computation of the Fourier transform®. This should give a feeling about the importance of the DFT.

For the present course, we will divide the Fourier analysis in three variants. | gave here some names to

these three variants but those names are not official:

- Periodic Fourier analysis: The Fourier coefficients and the associated Fourier serie for periodic
functions,

- Non-periodic Fourier analysis: The Fourier transform and the inverse Fourier transform for non-
periodic functions,

- Discrete Fourier analysis: The discrete Fourier transform and the inverse discrete Fourier

transform for vectors of finite dimension.

The objects we decompose with the periodic Fourier analysis are periodic functions. Not all periodic
functions can be decomposed but a large family of them. Moreover, not all periodic function can be
synthetized with periodic Fourier analysis and the synthesis is never perfect. How good is the synthesis,
is something difficult to quantify and mathematician have invented different kind of convergence-type to

qualify how a synthesis approaches the function of interest. But this is out of the scope of this course.

The objects we decompose with non-periodic Fourier analysis are functions that converge “sufficiently
rapidly” to zero as the argument becomes arbitrary large in norm. What “sufficiently rapidly” means is
something subtle and the interested student may take a look at the “Schwartz space” and the space of

“quadratic integrable functions”. The synthesis is also problematic. For example, a function may accept a
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Fourier transform (a spectrum) but the inverse Fourier transform of the spectrum may not converge
everywhere. That means that synthetizing back the functions from its spectrum do not always work

perfectly. But again, we will not go into that kind of detail in the present course.

The objects we decompose with the discrete Fourier analysis (DFT) are vectors of finite dimension and
the DFT (as well as its inverse) are linear maps of vector spaces. This is what we need in concrete
applications, and fortunately, it is mathematically much simpler than periodic and non-periodic Fourier
analysis because we stay in the area of linear algebra. There is therefore no convergence problems in this
area. The DFT and its inverse are well defined for any vector and the inverse DFT is exactly what it

means: the inverse linear map of the DFT.

After having introduced some needed definitions and notions in part I, we will achieve the two major

goals of this course in part Il and part llI:

- The first is to teach how to approximate the Fourier transform of a function by mean of the
discrete Fourier transform via the use of an FFT implementation.

- The second is to highlight what are the precise relations between the discrete Fourier transform,
the Fourier transform, and the Fourier serie. We will describe those relations by mean of the
convolution product with some appropriate convolution kernels. We show that this can be done

without any knowledge about distribution theory.
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Part I: Background Notions and Definitions

Functions on the x-space and on the k-space

We assume that the reader is already familiar with many functions and with the use of variables. We will
work with functions which accept as argument a 1-dimentional real variable. That mean that the
definition domain of the functions we will work with is equal to R. We will briefly generalize some
expressions for n-dimensional real variables in one section but all the rest of the text will focus on the 1-

dimensional case.

We will use two different definition domains for all our function. These two definition domains are both
equal to R, but we will call one the x-space and the other the k-space. They are therefore different
because they differ at list by their name. We could say that they are two different copies of R. We will
usually write x a variable in the x-space and we will call it a “position” (or a “time”). We will usually write
k a variable in the k-space and we will call it a “spatial frequency” (or a “temporal frequency”) or just a

“frequency” for short.

We will usually write functions with the “dot-bracket” notation such as f(-) in order to stress the fact
that it is a function and not a number. We will sometimes renounce to that notation and just write f

instead if the “dot-bracket” becomes unpractical.

To define a real- or complex-valued function f(-) on the x-space we will typically write
ffR—>V
x — f(x)

where V = CorV = R. To define a function g(-) on the k-space we will typically write
gR—V
k— g(k)

Because the author is a physicist, we will consider that any position x has an associated unit which is the
meter m (or the second s for a time). Similarly, any frequency k has a unit which is 1/m for a spatial

frequency (or 1/s for a time frequency).

The product k x is therefore without unit and we will consider the number
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0=2nkx

to be an angle given in radian. We note that when x is a time, it is usually written t and the time-

frequency is written v. Some authors work in this case sometimes with the angular frequency w given by
w= 2mv
The corresponding angle is then
0= wt=2nvt

Periodic functions, non-periodic functions and normalized functions

LebeV = RorV= C andlet

ffR—>V

x — f(x)
be a real- or complex-valued function. Given a positive length L in meter (or a duration T in second), f(+)
is called “L-periodic”, or “of period L” if

fx+L)=f(x)

forany x € R. We will say that a function is “periodic” if there exist a positive number L € R so that the

function is L-periodic. That f(-) is “non-periodic” obviously means that it is not periodic.

We will say that the L-periodic function f(-) is “normalized” if

+L/2

f fx)dx=1

-L/2

We note that we did not wrote |f(x)| or |f(x)|? in the integrand. It is really about the functions values

themselves.
We will say that a function f(-) “converges to 0 at infinity” if

lim f() = lim_f(x) =0

X —>+0o0

If £(+) is not periodic, we will say that it is “normalized” if
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—Tof(x) dx =1

provided that the integral converge. It can only converge if f(-) decreases to 0 at infinity “sufficiently
rapidly”. We will not define what “sufficiently rapidly” means. For us it will just mean “rapidly enough so

that the integral converges”. The interested reader may explore what is the Schwartz space.

Trigonometric functions, standard grids and sampling
We will assume that the reader is already familiar with trigonometric functions. We will give here some

relations between them and some indication about how we will use them.
We will write i the square root of —1. The Euler equation gives then the relation
e = cos(#) + i sin(8)
From
0=2mkx

follows

e?Tkx = cos(2m kx) + i sin(2m kx)

e 2TkX = cos(2m kx) — i sin(2m kx)

The expressions sin(2m kx) and cos(2m kx) can then be written in terms of complex exponential

functions as

1 . _
cos(2m kx) = E(elznkx + eizmhx)

1 . .
sin(2m kx) = z(eth kx _ g-izmkay

The cos(+) and sin(-) functions are of period 21 (or 2m-periodic) It follows that the functions
6 +— et
-i6

0—e

are both 2m-periodic. One can then check that the four functions

8
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x — cos(2m kx)
x +— sin(2m kx)

X — eth kx

X — g—i2mkx
are periodic with period 1/k. Alternatively, we can say that they are of frequency k.
We now set a given length L. Because the sin(+) and cos(+) functions are 2m-periodic, are the functions
x +— cos(2m x/L)
x +— sin(2m x /L)
X — @i2m¥/L
X — o~ i2TX/L
all L-periodic. To the length L (or duration T') we associate the fundamental frequency Ak given by
Ak =1/L
We define the “discrete frequencies” as the integer multiples of the fundamental frequency given by

kpm=mAk=m/L, meZ

The positive integer multiples of the fundamental frequency are called the “harmonic frequencies” or
just “harmonics” for short. Assuming m to be non-zero, the following two functions are then both of

period L /m (i.e. of frequency k,,):

m
x — cos(2m k,, x) = cos (anx)

m
x +— sin(2m k,, x) = sin (anx)

If m = 0 is cos(2m k,, x) constant and equal to 1, while sin(2x k,,, x) is constant and equal to 0. These

two functions can be written in terms of the two complex-valued functions

i i2m T x
x — el2Tkmx — o L
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1 —izn T x
x — e B2TRknx — o L

which are both of period L/m (i.e. of frequency k,,), except for m = 0 in which case they are constant

and equal to 1.
Let be N an even positive integer, so that N /2 is a positive integer too. We define
Ax =L/N
as well as
Xp = nAx
We will call the finite set
Grid, = {x,ln € {-N/2,..,N/2 — 1}}
the “standard x-grid”. We associate to that grid the interval
I, = [-L/2,L/2)
which is closed on the left and open on the right. It is an interval of length L centered in 0. We note that
Grid, c I,

We also define

N
Xmax = EAX =L/2

Then is L equal to 2x,,4,. We not that —x;,,4 is in I, but x;,, 4, is not.

We have so far define the standard x-grid. We now define similarly the standard k-grid. We have already

defined

Ak =1/L
as well as

ky = mAk

We will call the finite set

10
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Gridy = {kynlm € {—N/2,..,N/2 —1}}
the “standard k-grid”. We associate to that grid the interval
I = [~kmax, kmax)
where
Kmax = ﬁAk
2

Again, the interval I, is closed on the left and open on the right. It is an interval of length 2k,

centered in 0. We note that
Grid, c I
We note also that —k,,,,, is in I, but k4, is not. For convenience, we define
W = 2kpmax

It is the analogous of L in k-space. We will call L the “FoV” (for “field of view”) and we will call W the

“k-FoV”. We have

Sl

Ak = % and Ax

The standard grids are defined so that

Ak Ax =

and therefore

These two relations are a key for defining the discrete Fourier transform.

Let be f(+) a function (periodic or not) defined on the x-space. We define then the vector fto be the

column vector with components

fon=f(xp) with x, €Grid,

11
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The matrix representation off is
'f—N/z ]
f-1
fo
fny2-1]

We will call vectorfthe sampling of function f(-). Similarly, given a function g(-) on the k-space, we

define then the vector g to be the column vector with components
Im = g(ky) with  k,, € Gridy

The matrix representation of g is

We will call vector g the sampling of function g(-).

The standard grids can be summarized as follows.

December 2023, Bordeaux

Given N evenandn,m € {—N/2,...,N/2 — 1}, then

Ak:lz 1 =m Ax:lz 1 =
L 2Xmax N w 2Kmax
ky, =mAk Xp =nlAx

ko=0 Position N/2 + 1 Xo=20
i _mn
mxn_ N
Ak Ax = —

L
N

12




Bastien Milani IHU-LIRYC December 2023, Bordeaux

The Dirichlet kernels

We define here the “Dirichlet kernels” as well as some variants that we will also call “Dirichlet kernels”,
although it is not an official practice. All these kernels are actually functions. But we call them “kernels”
to stress the fact that we will use them in “convolutions” with other functions, as described later in the

course where convolutions are defined.

We define the N-th Dirichlet kernel Dy (+) as

1 1
J . sin ((N + —) x) /sin (— x) for x not multiple of 2r
Dy(x) = z e imx — 2 2

m=-N 2N +1 for x multiple of 21

We note that the sum is symmetric and the definition can alternatively be given by

N

Dy@= ) eim

m=—-N

It holds in fact

Dy(x) = Dy(—x)

This is the official definition, but for compatibility with the discrete Fourier transform presented later, we

will work with N /2 instead of N (where N is considered to be an even number). It holds

N/2 N 1 1
» sin <(— + —) x> /sin (— x) for x not multiple of 2w
D2 (x) = Z e=imx — 2" 2 2

m=-N/2 N+1 for x multiple of 2m

The Dirichlet kernels are all real-valued and periodic with period 2. For a later use, we define the

“symmetric Dirichlet kernel of period L” by

N/2
SN/2(x) == Ak Dy (2 Ak x) = Ak Z pi2m kmx
m=-N/2
In that definition, the period L is hidden in the fundamental frequency Ak which is equal to 1/L. The
name “symmetric Dirichlet kernel of period L” is not official. We use it here for convenience. We added
to adjective “symmetric” to stress the fact that it is defined by a symmetric sum —N /2 to N /2, since we

will define other kernel with an asymmetric sum.

13
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Substituting Ak by Ax in the definition of ngk/z(-), and remembering that 2k,,,,, = W is equal to 1/Ax,
we get the “symmetric Dirichlet kernel of period W” defined on k-space:

N/2

SN2(k) = Ax Dyp(2m Ax k) = Ax Z -2 Xk
n=-N/2

N/2

This is actually just a redefinition of §,, (x). In fact, substituting k by x (or inversely) in one leads the

other. The definitions are chosen so that ngk/z(-) and Sévx/z(-) are normalized:

L/2

f N/z(x)dx =1

—L/2

kmax

f SN2 (k) dik =

_kmax

We get finally the “assymetric Dirichlet kernel of period L” by mean of the asymmetric sum

N/2-1
N/Z x) = Ak z e 2T kmx — N/Z(x) Ak ei2™ Kmaxx

m=—-N/2

and the similarly “assymetric Dirichlet kernel of period W”

N/2-1
N/Z(k)_ Ax z e~ i2mxXnk — N/Z(k)_ Ax e~ 127 Xmaxk

n=-N/2

We see that cﬂg,éz(-) resp. CAIAV;Z(') are the same like Sévk/z(') resp. Sévx/z(') up to a high frequency

oscillation of small amplitude Ak resp. Ax.
An important fact is that the oscillation e 2™ kmax* do not contribute to the “area under the curve” of the
complex-valued function c/lg,ﬁz (*) because it holds

L/2

f e—ianmaxx dx =0
—-L/2

14
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The same remark holds for the integration from —k,,,45 t0 k;;q, of e 727 *maxk The two asymmetric

kernels are therefore normalized.

L/2
f Ag}éz (X)dx=1

-L/2

kmax
f AN (k) dk = 1

—kmax

In summary, we have:

- two symmetric, real-valued, normalized kernels: one of period L on the x-space and one of
period W on the k-space,
- two asymmetric, complex-valued, normalized kernels: one of period L on the x-space and one of

period W on the k-space.

The complex-valued asymmetric kernels are almost real-valued if we neglect the small complex-valued

high frequency oscillation of amplitude Ak resp. Ax.

The following figures displays a symmetric Dirichlet kernel,

25

1.5¢

3 L

-20 -15 -10 -5 0 5 10 15 20

while the following displays an asymmetric one.

15
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The door functions

We define the big-door function of width L (and centered in 0) as
I, : R—>R
0 x<-—=L/2
x — I (x) = {1 —-L/2<x< L/Z}
0 L/2<x
The big-door function of width L centered in a is simply given by

x—I;(x—a)

We define the little-door function of width L (and centered in 0 as) 1r; (+) by

1
T, (x) = I I, (x)

We observe that the door functions are not exactly symmetric due to the asymmetry in the inequalities
in their definitions. In fact is II; the characteristic function of interval I,,, which is closed on the left but

open on the right.

16
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The little-door function is normalized in the sense that

+ 00

f m (x)dx =1

while the big-door function is not normalized (except if L equals 1) and it holds

+ oo

f I, (x)dx =L
Note finally that for 0 < L < 1 is the graph of the little-door function is “taller” than the one of the big-
door function. “Big” and “little” are just names. The following figure displays de graph of a little-door

function

0.25 . T ! 1 .

021 — g

0.05 g

_005 I 1 | L 1 L 1
-20 -15 -10 -5 0 5 10 15 20

The sinus-cardinal functions

The sinc(+) function (sinus-cardinal) is given by

sinc(x) = {sin(ylc) /x i i 8}

More generally, we will also name “sinc(-)-function” any variant given by

17
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x +— A -sinc(s - (x — a))

with real parameters A, a and s. As we will see later, the sinc(+) function

k — sinc(Lm k)

is the Fourier transform of 1t; (-).The following figure displays the graph of a sinc(-) function

The Gaussian functions

We will name “Gaussian-function” or just “Gaussian” any function of the form

1

x— A- e—ﬁ(s-x—y)z

with real parameters A, g, 4 and s. In the special case where

1

A= 7=

is the corresponding Gaussian normalized in the sense that

1

e 27T _ g

+o0
J‘ 1
. V2t o
This Gaussian function can then be interpreted as a probability distribution (called “normal

distribution”) with mean p and variance a2. We will work in particular with the Gaussian G () define by

18
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1 .2
. e_20'2x

1
Go(x) = T o

which is a normal probability distribution with mean 0 and variance o2. As we will see, its Fourier

transform is the function FG,(-) given by
FG, (k) = e—2m’o?k?
(o2

which is also a Gaussian, but which is not normalized and is therefore not a probability distribution. The

following figure displays the graph of a Gaussian function.

0.15 . T .

0.1

0.05

Some function operations
Just as numbers, real- and complex-valued functions can be added, subtracted and multiplied (we will
not go into the division of a function by another). But unlike numbers, we can perform many more

operation on and between them. We give here a few that are useful for our purpose.

Let be two real- or complex-valued functions f(-) and h(-) defined on the line of real numbers. We

define the new function {f + h}(-) as

{f +h}(x) = f(x) + h(x)

19
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We define the new function {f - h}(-) as

{f -h}(x) = f(x) - h(x)

The subtraction can be defined similarly if needed. Given the big-door function II; (-) of width L, we

define the crope of f(-) of width L by the new function I1; f (-) given by

0 x < —LJ2
MfO) =M, - fO) = {f(x) —L/2=x<L/j2
0 L/2<x

We observe the subtle asymmetry of the inequalities in the definition. I1; (+) is in fact the indicator

function of the interval I,;, which is asymmetric.

The following figure displays the graph of the asymmetric Dirichlet kernel c/lIAV,éz(-) on the left and of its

crope HLcﬂg,iz(-) of width L = 1/Ak so that the “remaining” part of HL.:/Z%Z(-) correspond to one

period of a‘l%z (*). The real part is in blue and the imaginary part in red.

25 : : : :
N/2 = 10 25
2,
N/2 =10
157 15

05¢ . . . , . . .
20 -5 -10 5 0 5 10 15 20

Given a real number a, we define the shift of f(-) by a as new function S, f(-) given by

Saf (x) = f(x —a)
Depending on the context, we will also write S, f () as f (- —a) if it is more practical.

Given a function f(-), we define its periodic summation of period L as the new function P} f(-) given by

20
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PEFOY = Y fC=2) = ) Suf()
z €L zZ €L
The periodic summation of a function is not necessarily well defined. The previous serie must converge

for every x for the periodic summation to exist.

For example, if f(+) is identically equal to 1, the serie defining P} f(-) diverges for every x. But the serie
will converge if f(-) converges to 0 rapidly enough at infinity on both sides. If the serie converges for

every x is then PP f(+) a function of period L.

Given a function f(+), we define its periodic extension of period L as the new function P£ f(+) given by

PEFOY = PLFO = D M fC—zl) = ) Syl f()
Z €L Z €L
While the periodic summation do not always exists, the periodic extension always exists and is a function
of period L. The periodic extension is obtained by cropping the function with width L and then

replicating it on both sides of the x-axis with period L.

Given a function that converges to 0 sufficiently rapidly, we have (at least) two ways to fabricate a
periodic version of it: the periodic summation and the periodic extension. For any other function, the

periodic extension “does the job”.

We note finally that a function f(-) is periodic of period L if and only if it is identical to its periodic

extension of period L. In that case holds

FO = PEFO = Y M fC—aL)

Z €L

21
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The following figure shows the graph of a function (in blue) together with the graph of its periodic

extension (in red) and its periodic summation (in green):

0.3 T T T T T

There is a very important operation called the “convolution” which is related to the Fourier transform in
a special way. The convolution of f(-) and h(-) is a new function that we will write {f * h}(-) but we will

defined it later in the course.

We note at that point that the Fourier transform (resp. its inverse) is also an operation which takes as
argument a function f(:) defined on x-space (resp. a function g(-) defined on k-space) and return

another function Ff () defined on k-space (resp. a function F~1g(-) defined on x-space).
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Part II: Fourier analysis

Periodic Fourier analysis: The Fourier coefficient and the associated Fourier serie

The objects to be decomposed in the context of periodic Fourier analysis are periodic functions. The
analysis of periodic functions is done by evaluating its Fourier coefficients. In the present case, the
spectrum is the list of Fourier coefficients. The synthesis is achieved by building back the function from
its Fourier coefficients. This is done by building the Fourier serie. There is one version of the theory for

real-valued functions and another for complex-valued function. We present both.
Let be f(-) a real-valued periodic function of period L defined on the set of real numbers:
fiR— R

x = f(x)
We define the real Fourier coefficients of f(-) as

L/2
1
@ = f f(x) dx
—-L/2
L/2

2
I f f(x) cos(2m k., x) dx

—L/2

L/2

2 :
I f f(x) sin(2m k., x) dx

—L/2

b

form =1, 2,3, .... The evaluation of these coefficients constitutes the analysis. The list
ag, aq,bq,a5, by, ...

is the spectrum. For symmetry reasons, one can also add by = 0 in the spectrum. Then can the spectrum

be seen as a function defined on the set of non-negative discrete frequencies
{km| kyy = m Ak,m € Z,m > 0}

i.e. the fundamental frequency and its harmonics. If seen as a function, the spectrum can be written:
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am
b= ()
This spectrum can be represented graphically by writing the discrete frequencies on the horizontal axis

and the Fourier coefficients on the vertical axis.

We define the function Sive{flf(-) as

N/2
Sxflzlf(x) = gy + z A €OS(2T kpyx) + by, sin(2m k,,x)
m=1

and we call it the “real Fourier serie with N/2 4+ 1 terms” for function f(-). The evaluation of this
function constitutes the synthesis. As indicated by its name, it is the real Fourier serie. The synthesis is

not exactly equal to the original function f(-) but improves as N becomes larger and larger.

Because this serie is partial (we do not consider the limit with N going to infinity) we may also call

sN/2

reazf(') a partial Fourier serie. Theoretician also work with the complete serie by including all the terms

(an infinite number of terms) and this is what we call the (true) real Fourier serie. But we will only

consider partial Fourier series in this course for the sake of applicability.

The real Fourier serie with real coefficient is however limited to the analysis of real periodic functions.
The complex version of the analysis allows to handle both real and complex valued periodic functions

and we will therefore only work with the complex version in the rest of the text. Here it is.

Let be f(-) a complex-valued periodic function of period L defined on the line of real numbers:
fiR—C
x — f(x)

We define the (complex) Fourier coefficient of f(-) as

+L/2

1 .
B = Z f f(x)e—lZTL' kmx

—L/2

and we define the function SN/2£(-) as
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N/2

SN/zf(x) = Z . eianmx

m=—-N/2

that we will call the “Fourier serie of f(-) with N + 1 terms”. The list of Fourier coefficients constitute

the spectrum and it can be seen as a function defined on the set of discrete frequencies
{km| kyp = m Ak, m € 7}
If seen as a function, the spectrum can be written
km — ¢

We note that the definitions are simpler in the complex case than in the real case. It seems that

“complex” do not means “complicated”.

In general, a complex valued periodic function can only be analyzed in terms of complex Fourier
coefficients. But a real valued function can be analyzed both in terms of complex and real Fourier

coefficients. For that special case holds
an, =Cp +Cc_p

bn =i(cn —c_n)

and
Cp = E(an —iby)

1
Cn =§(an+ibn) =Cn

where the star symbol -* stands for the complex conjugate of a complex value. We note that the sum
defining SN/Zf(-) is symmetric in the sense that it starts at index —N /2 and ends at index +N /2. We

will therefore also refer to SN/Zf(-) as the “symmetric Fourier serie with N + 1 terms” for function

f-

The reason why we introduce the adjective “symmetric” is that we will also need a slightly different serie
for the description of the discrete Fourier transform. We define for that purpose the “asymmetric

Fourier serie with N terms” for function f () as
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N/2-1

cle/Zf(x) — Z @ eiZn: kmx
m=-N/2

It is the same like SN/zf(-) but with the last term missing. It is also a synthesis which approaches
function f(+) as N becomes larger and larger. It is maybe not as good as S¥/2f(-) because one term is
missing. But it is probably as good as S(N‘l)/zf('). We will come back to that asymmetric serie in the

section about the discrete Fourier transform.

Let be f () and g(*) two periodic functions of period L and let be c,,(f) the m-th Fourier coefficient of
f () as well as ¢,;;(g) the m-th Fourier coefficient of g(-). The Parseval-Plancherel identity for periodic

functions reads then

L/2 +oo
1 - -
L F@swa= Y G
-L/2 m= —co
We define the bracket (- | -}y by
L/2
1 -
FOlgON =1 | FoI g dx
-L/2

which is an inner product of vector spaces under some conditions. Let be

c(f) = (s c2(f)co1(F) co(N), ea(F), c2(f), )
c(g) = (-, c-2(9), c-1(9), ¢0(9), €1(9), €2(9), --)

We define then the bracket (- | -)x by

+ 00

CPIe@ = ) enlP) em(9)

m= —oo

which is an inner product of vector spaces under some conditions. Then reads the Parseval-Plancherel

theorem
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(FOIgOx = (c(Plc@)x

The map that send a function f(-) to its list of Fourier coefficients is in that case an isometry, the

definitions
IfON%2 = FOIFO)x

eIz = {cPle(Pk

define some 2-norms and the Parseval-Plancherel identity leads to

IfF Oz = Nle(HIk

We terminate this section with two examples. We empirically deduce some general rules out of these
examples without proving those rules. But we can be sure they are correct because mathematicians have

done the job for us.

The following figure displays the graph of two periodic functions (one period is in orange). One function

is smooth (left) and the other one is not continuous (right). But both have the same period L.

e e e - 1
\ | | | | |

08l | | | | | | . 08+
| | | |

osf | | | [ 06

04 | | | | 04

02 1 02F
| | | |

02 | | 0.2

04 | R 04t

08 [ | | 1 06

BV O A W R

The next figure displays the graphs of some (symmetric) Fourier series (in red) together with the original

function (in blue) for an increasing number of terms in the serie. We see that the more terms we add to

the Fourier serie, the closer is the Fourier serie to the original function.

We see however that the Fourier serie is closer to the original function in the case of the smooth
function (left). For the non-continuous function (right), some oscillations persist and do not improve with
an increasing number of terms in the Fourier serie. These oscillations are symptomatic of discontinuities

and do not disappear even for a large number of terms. They are called “Gibb’s artefacts”.
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The graph of both functions is displayed one more time in the following figure. Their corresponding

spectrum, their Fourier coefficients, is displayed below. The cosine-coefficient is in red and sin-

coefficient is in blue. The Fourier coefficients are discrete: there is one cosine- and one sin- coefficient

for each discrete frequency (the lines between the dots are present only to improve visibility).

We observe that the spectrum of the smooth function (without significant Gibb’s artefacts) decays much

fast than the spectrum of the non-continuous function. This is true in general: the smoother is a

function, the faster decrease its spectrum along increasing frequencies.
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Non-periodic Fourier analysis: The Fourier transform and its inverse
transform

Let be f(-) a real- or complex-valued function defined on the line of real numbers. We assume that f(-)
is sufficiently well behaved (in particular, we assume that it converges to 0 at infinity sufficiently rapidly).

We define its Fourier transform (its spectrum) Ff(-) as the new function given by

FrO0 = [ £ee @ dx

Now, if you ask yourself what “sufficiently well behaved” means (or what “converges to 0 at infinity
sufficiently rapidly” means) it means any condition that guaranties the convergence of the previous

integral.

Assuming a function g(+) to be sufficiently well behaved (or suitable) defined on the k-space (i.e. g(-) is

a spectrum), we define its inverse Fourier transform F ~1g(+) as the new function defined by

+00

Frg@ = [ 900 e dk

—00

The definition domain of F~1g(-) is the x-space. In a simple word, the inverse Fourier transform F~1!

should be the inverse operation of the Fourier transform F i.e.
FIFf(x) = f(x)
and
FF1glk) = g(k)

for every x and k. But the word is not simple and although those rules hold for many functions, it breaks
down for some other. We will give one example where it works, and another where there is some

problem.

The door functions have a well-defined Fourier transform. The reader can check as an exercise that, by

evaluating the Fourier integral, one finds
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Fry, (k) = sinc(Lnk)
As a consequence of the linearity of the Fourier transform, it holds
Fl, (k) = L sinc(Lwk)

The following figure displays little-door function together with its Fourier transform.

f Ff
0.35 T [ T T ‘
real 1 n real
03¢ —imag| ] ——imag
0.8r ]
0.25¢
0.6
0.21
IC 0.4
01571
0.2r
0171
0.05} VVV\..!\;V\J uvvvvvv
0 -0.2
-10 -5 0 5 10 -4 -2 0 2 4

Now, the inverse Fourier transform of F1; (-) does not exist as a function because the Fourier integral

+o00
f sinc(Lwk) e?™** df

does not converge for x = L/2 and x = —L/2. But this is not surprising because if we would have

defined m; () with different values at x = L/2 and x = —L/2, then its Fourier transform would still be

exactly sinc(Lm -) (because the integral is insensitive about a change of the integrand on a set of

measure 0). Therefore, the door function cannot be retrieved back from its Fourier transform.

Mathematicians have overcome the problem with the theories of distributions, but we will not go into
this in the present course. For us, the inverse Fourier transform of sinc(Lm -) just does not exist as a

function defined on R. What we may be able to write is

{Ftsinc(Lm )}(x) = m (x) for |x| #1
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The Gaussian functions have a well define Fourier transform. The Fourier transform of G, (-) given by

6o() = e 27
x) = e 20
7 V2o

is the function FG,;(+) given by

2k2

FGo(k) = e ™7

and the inverse Fourier transform of the second function is the first one. Everything runs smoothly with

Gaussian functions. The following figure displays the graph of both functions.

f Ff
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We terminate this section about the Fourier transform by giving a few identities.

We note that

FF(0) = f f@) dx

is the “sum” of the function values.

We also note that

FSaf (k) = J flx—a) e 2mkx gy — f f(x" e—i2m k(x'+a) dx’'
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+00
— f f(x) e RRmkx—i2mka j, — .'Ff(k) . e~i2mka
and a similar identity can be shown for the inverse Fourier transform. It follows the Fourier-shift-
theorem:
FSaf (k) = Ff () - e7i2mka
F18,9(x) = F g (k) - ei27 7@

We define the brackets (- | -)x and (- | -)x by

FL OO = f 7 f00) dx

+ 00

f 5100 g2 (k) dk

— 00

(91(ING2( Nk

which define some inner products of vector spaces under some conditions. Each one takes two functions

as arguments and returns a complex value. The Parseval-Plancherel identities reads then

(f1(')|f2('))x = (?ﬁ(')w’"fz('))x
(91Og2(Nk = (Frg1OIF g2y

If the brackets defined above are inner products of vector spaces, then

IFOllZ2 = FOIfFOx

(9lg Nk

lg OllE2 :

define some 2-norms and the Parseval-Plancherel identities lead to
If Oz = IFFOll%2

IF1gOllzz = lgOllk 2
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Discrete Fourier Analysis: the discrete Fourier transform and its inverse
Transform

Given a real- or complex-valued column vectorfof length N and given a positive length L, then can f be
seen as the sampling on the standard x-grid of step size Ax (equal to L/N) of a function f(-) defined on

the x-space. The choice of the function f(+) is obviously not unique, but there exist at least one.

Alternatively, given a function f(-) defined on the x-space and given the standard x-grid associated to

the interval I, (closed on the left and open on the right) of length L and centered in 0, then is the

sampling of f(+) a column vector? of length N.

Note that in both cases, function f(-) can be periodic or not. It does not matter. And in both cases we

have a vector f of length N and a standard x-grid.

We want now do define the discrete Fourier transform of f We will write the discrete Fourier transform
(DFT) as F. It is a linear and invertible map i.e. an isomorphism of vector spaces. As a consequence, F can

be interpreted as a matrix. We define the matrix of F entry wise as follows:
Eppn == Ax e~ 2T km¥n with n,me€{-N/2,..,N/2—1}

where

Ax

=] =

as defined earlier. From the relation

follows

. nm
Fpn = Ax e "N with n,m € {=N/2,..,N/2 — 1}
The way we define the DFT do not only depends on the vector size N as it is usually the case. In our
definition, it also depends on the step size Ax of the standard x-grid, what some reader may not accept.
We will justify it from a mathematical point of view and from a physical point of view (for consistence of

units).
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But before that, we will write the matrix representation of F and we will describe the connection with

the matrix Q, which is involved in the fast Fourier transform (FFT). We define the complex number

d) — e—iZn’/N

So that
Epn = Ax ™™
The matrix of F is then
GENDEND) 1 gN2W 2D
= L1 ) |
[¢(N/z—:1)(—1v/z> . ¢(N/2—13 /21|

The column of 1’s correspond to m = 0 and the raw of 1’s corresponds ton = 0.

The fast-Fourier-transform algorithm perform a matrix multiplication by the matrix (0 given by

1 1 1 1
[1 ¢1~1 ¢1~2 ¢1-(N—1)
Q=1 ¢2-1 ¢2-2 ¢2~(N—1)
L ¢1.(}v—1) ¢(N'—1)-2 ¢(1v—13~(1v—1)‘
Component wise, it holds
Qmn = € 2" N with n,me€ {0,..,N — 1}

It can be shown that the matrix () is equal to the matrix F /Ax shifted circularly toward the top by N/2
position, and toward the left also by N /2 positions. These are the two circular shifts needed to align the

raw and column of 1’s.

We will call 2 the circular shift toward top by N/2 positions of a vector of N entries. Since Z is a

permutation of the entries of a vector, it is a linear map and it can be written as a matrix. Writing f as
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'f—N/z'
2| f-1
f fo
fN/2—1-
it holds then
fo
ZT: fN/2—1
fong2
.

As a permutation, X has an inverse map which we will write 2~ and which is also a linear map with its

own matrix. It is the circular shift of N/2 entries toward the bottom. It holds

fo ] 'f—N/z'
. fN/.Z—l _ f;l _ >
S VWP il IS
| f;l | _fN/.2—1_

Without demonstration, we give the equality
Q=3 -(F/Ax)-x71

which is equivalent to

F=AxX"1Q%

It follows
Ff= Axztasf
This gives the receipt how to implement the DFT:

- Apply the circular shift to f (i.e. multiplication by X),

- Perform an FFT (i.e. multiplication by Q),

36



Bastien Milani IHU-LIRYC December 2023, Bordeaux

- Apply the inverse circular shift (i.e. multiplication by Z™1),

- Don't forget the scaling factor Ax.

In Matlab for example, for a column vector, it reads something like

Ff = delta x*fftshift (fft(ifftshift (£, 1), [], 1), 1);

But if the vector is a raw vector, don’t forget to apply the transforms in the second dimension:

Ff = delta x*fftshift(fft(ifftshift (£, 2), [], 2), 2);

The function ifftshift is in fact the Matlab implementation of the multiplication by X and the

function fftshift isthe one for 2~1. The Matlab implementation of the FFT is the function fft.

The following figure displays on the left the graph of the little-door function together with its sampling
on the standard x-grid. On the right is its Fourier transform displayed together if the DFT of the function

sampled on the left.
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The following figure displays the same for the Gaussian function.

f Ff
047 1 1t
—real —real
——imag ——imag
0.8
0.3¢
067
— 0.2} i
0.4¢
0.17
0.2¢ J \
0 . ) ‘ ) . 0 . ) . ‘ ‘
-10 -5 0 5 10 -4 2 0 2 4
X k

We now justify our original choice for the definition of the DFT. We start from the Fourier integral. Then
we assume that the integrand in small outside the interval I, of length L centered in 0 and we

approximate the integral with finite differences:

+o0 +% %—1

Tf(k) = f f(x)e—iZn kx dy ~ f f(x)e—iZn'kx ~ Z f(xn) e~ 2k Xn Ay
_o L ~y
2 n=-z

N
7-1
— Z fn e TR Xn Ay
N

n= —7

We now evaluate this approximation in k = k,,:

N/2-1 N/2-1
Fflkm)~ ) fre @Mmimar= Y Axem@hminf = ()

n=-N/2 n=-N/2

Our sampling grids and our definitions are chosen so that Ff is an approximation of Ff(-) on the

standard k-grid. This can be written compactly as
17?]_”) = Ff
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The factor Ax also makes sense in the definition of F from the view point of units because the unit of

Ff(-) is the unit of f£(-) multiplied by the unit of x, as given by the Fourier integral.

Now if you ask how good the approximation is, the answer is given by a convolution product that we

define in the next part of the course. But we can already show how this answer looks like. We use

+ oo

fu= fG = | FrOO e ak
Then
N/2-1 N/2-1 +00
(Ff)m — Z Ax e—iZn’ Km Xn fn — 2 Ax e—i27‘rkmxn f Tf(k) eiZn:kxn dk
n=-N/2 n=-N/2 -
+oo N/2-1 +00 N/2-1
— j dk Tf(k) Ax Z e—i2nkmxn eiZn'kxn — f dk fFf(k) Ax 2 e—inr(km—k) Xn
Zoo n=—-N/2 —o n=-N/2
+00
= f FF (k) AN (ke — k) dk
We have shown:
+00
(Ff), = f FF(K) AN (ke — k) dk

The right hand side is a convolution with Jlﬂz(-), the asymmetric Dirichlet kernel of period W. We will

come back to that more in details in part lll.

We finally describe the inverse discrete Fourier transform (inverse DFT). It is formally given by the

inverse matrix of F i.e. the matrix F~1. Entry wise, it is given by
(F Dmn = Ak g2 km¥n, with n,m € {-N/2,..,N/2 — 1}

or alternatively

(F™Vn = Ak e?", with nm € {=N/2, .., N/2 — 1)
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We leave as an exercise to show that

FFl1=F1F=id

In order the achieve it, the important following identity is useful:

N/2-1
e—iZn%(m’—m) — { 0 : (mM-meéN- Z}

N : (m"—-m)eN-Z
n=-N/2

where N - Z is the set of integer multiples of N. Note that the sum is asymmetric. A symmetric sum
would not lead to the expression on the right-hand side. It seems that asymmetry has its place in this

world.

.*

In the following, we will use the superscript (the “star” symbol) to note the complex

conjugate-transpose of a vector or a matrix. Note that this notion is different from the “adjoint” that we

will write later with super script -T (the “dagger” symbol).
It follows from the definitions that
(F/Ax)* = F~1/Ak

or equivalently

We define the inner product (- | -)x as
(Alfa), = fi Hxfo
for any pair of sampling fl and fz of some functions defined on the x-space and where
Hy = Axid
is hemitian positive definite. Similarly, we define the inner product (- | -)x as

(§1|§2)K = 51*1'11(52
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for any pair of sampling g, and g, of some functions defined on the k-space and where
Hyg = Akid

is hemitian positive definite too. With these two inner products at hand, the DFT F and the inverse DFT

F~1 become isomorphisms of inner-product-spaces. The adjoint of F is then given by

1 Ax
Ft =Hy'F*Hy = — F1'— Ak = F~!
X K= Ax" Ak
The DFT is therefore unitary:
Ft=F"1

It is now easy to verify

(Alf), = (F'FAIR), = (FTFAIR), = (FAIFS),

and

(§1|§2)K = (F F_1§1|§2)K = (F_1.§1|FT.§2)X (F_1§1|F_1§2)X

which proves the Parseval-Plancherel identity for the discrete Fourier transform. The 2-norms defined by

52 S
171, = (F15),
||§||12(2 = (glg)k

leads to
171l , = NFFN,

Igllkz = IIF 7 gl
The DFT and its inverse are isometries of inner-product vector spaces.

We finally give the relation between F~1 and Q1. Matrix Q™1 is formally the inverse matrix of Q. It is

given component wise by
(Q_l)mn = %eiZﬂT with nme {0, e, N — 1}

It follows from those definitions that
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1
Ql=—q
N

We also note that, as a permutation, the matrix X verifies:
¥ =371

We deduce

_ Ak _ Ak _ _ B o
F 1:F*E: (Ax X2 192)*E= AkZIQ*Y = AkZINQIZ = AkN =71Q713

We have shown

Fl=AkN 271Q71%

It follows
Flg=AkNZ Q1% g
This gives the receipt how to implement the inverse DFT:

- Apply the circular shift to g (i.e. multiplication by Z),

Perform an inverse FFT (i.e. multiplication by Q71),

- Apply the inverse circular shift (i.e. multiplication by 71),

Don’t forget the scaling factor AkN.

In Matlab for example, for a column vector, it reads something like

iFg = delta k*N*fftshift(ifft(ifftshift(g, 1), [], 1), 1);

If the vector is a raw vector, apply the transforms in the second dimension:

iFf = delta k*N*fftshift(ifft(ifftshift(g, 2), [1, 2), 2);

The function 1 ££t is the Matlab implementation of the multiplication by Q1.

Unlike the DFT, the inverse DFT has a nice interpretation in term of an asymmetric Fourier serie. It holds

by definition

N/2-1 N/2-1

(F—lg)n — Z Ak ei21t km Xn Im = Z Cm eiZn km X

m=-N/2 m=-N/2 x=x,
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where
Cm = Ak gm
In fact is F~1§ equal to an asymmetric Fourier serie evaluated on the standard x-grid.

Similarly to the DFT, it can be shown that holds the approximation
Flg~Fg

while the exact relationship between the inverse DFT and the inverse Fourier transform is

+00
-1 = - N/2
F = [ 790 AN ) dx
The following figure displays on the right the graph of a sinc(-) function together with its sampling on
the standard k-grid. On the left is its Fourier transform displayed together if the inverse DFT of the

function sampled on the right.
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The following figure displays the same for a Gaussian function.
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Part I1I: Convolutions

Introduction to the convolution product
Given two functions h(:) and f (), their “convolution product” {h = f}(-), or just “convolution” for

short, is a new function {h * f}(-) defined by

(h+ F}0x) = f h() fx — %) dx’

In order to build an intuition about {h * f}(-), we set an example where h(+) is non-negative, is 0 outside

a interval of length U centered in 0, and is normalized in the sense that

+ 00

j h(x) dx =1

We choose then an integer N > 0 and we define
Ax =U/N

We also define the weights

hy == Ax - h(k - Ax), ke{-N/2,..,N/2 -1}

The weights h_y /5, ..., hyy /1 are approximately normalized because

N/2-1 +oo
henjz + -+ hyjpoy = Z Ax - h(k - Ax) ~ f h(x) dx =1
k=-N/2 -0

The convolution {h = f}(-) evaluated in x can then be approximated as

(h+ G0 = f R(e') f(x — ') d’

+U/2
= f h(x") f(x —x) dx’
-U/2
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LAY

2
~ z Ax - h(k - Ax) f(x — k- Ax)
N

k: —7

=h_nj f(x+N/2 Ax) + -+ hyjp_q f(x — (N/2 —1) Ax)

This is a weighted average of the values of f(+) taken in an interval of length U centered in x, where the

weights are given by h(:).

The next figure presents an example where N = 6, function h(+) is a Gaussian function and function f(+)

is a door function.
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The convolution {h * f}(-) evaluated in x is approximately given by

h_sf(x+3Ax)+ -+ hy, f(x —2Ax)

It is a weighted average of the values of f(-) taken in an interval of size U centered in x, where the

weights are given by h(:).

The next figure presents the graph of {h * f}(-) together with the graph of f(-) as a dashed line.
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As another example, we chose h(+) to be a sinc(-) function (sinus cardinal) defined as follows:
h: x v+ sinc(10 x x)/A

where A is given by

+ oo

A:= f sinc(10 = x) dx

—00

so that h(-) is normalized. We choose f(-) to be the same door function as previously. The next figure

shows the graph of h(-) in red and the graph of f(-) on the right in blue.
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The graph of {h * f}(-) is displayed in the next figure in green while the graph of f(-) is displayed as a

dashed line.
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In this example is h(-)not zero outside an interval, and is neither non-negative. But h(+) is normalized

and it still holds

(h* 00~ )l fGx = k- 82)

keZ
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The convolution {h = f}(-) evaluated in x is a weighted average of the values of function f(+)

where the weights are given by function h(-).

The convolution of h(-) and f () acts like a smoothing of function f(-) and that the shape of this

smoothing is given by the shape of h(:).

We now summarize a few rules that the convolution follows. The convolution is symmetric:

{h*f3C) ={f *h}()

In fact it holds

(h* f}(x) = f (') f(x — x) dx’
- f hx - 2) f(2) (~d2)

_ f h(x—x) F() dx' = {f * h}(x)

where the substitution
z=x—x"; —dz =dx’
was used in the second line.

We omit the “dote-bracket” notation from now on in order to simplify the notation. That mean that we

will write any function f(+) just with the symbol f. The convolution {h * f}(-) will be written h * f.
Another property of the convolution is

h*Saf = Sqh*f
We leave the proof as an exercise. The convolution is linear in both arguments:

h*(af + Bg) = a(hxf)+ B(h*g)

and

(ah+ Bg)+f = a(hxf)+ B(g*f)
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By the previous two rules follows that

[S_qh+h+Sghl*f=S_qh*f+h*f+ Sgh*f=h*[S_of +f + Saf]

We conclude

Pihsf= ) Suhsf= Y hxSuf =h+Pf

ZEL ZEZL

If h is periodic holds

h=PEh =Pl h

It follows

hxf= Pl h=f=T,h«Pf

The convolution with an L-periodic convolution kernel h verifies
h*f=T,hxPf

It is the periodic summation of f convoluted with the “a single period of h”, meaning the

crope of h of width L.

Finally we display an example where h is an asymmetric Dirichlet (left on the next figure) kernel and

where f is a door function centered in 0 (right on the next figure).
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The graph of the convolution of both is displayed in the following figure.
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This gives an intuitive explanation about what a convolution by a periodic function h does. We can know

give an intuitive interpretation of the result of the DFT. We have shown in the previous chapter that

+0oo

(Ff)m = f FF (k) AN (ke — k) dk

—00

In the language of convolutions, it reads

(FF),, = {02 * Ff} )

Here is the convolution kernel
N/2
h(k) = Ayl (k)
which is W-periodic. We conclude that

N/2 N/2
AN« Ff = My AN? + PSFf
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evaluated on the standard k-grid gives Ff. It is equal to the periodic summation of Ff convoluted by the

kernel HWCAX)CZ (which oscillate and is 0 outside the k-FoV W).

Similarly one can obtain

(F71g)n = {AnL? * F1g} (xn)

The convolution kernel is in that case Jl%z, which is L periodic. We conclude that

ANZ « Flg = AN + PSF1g

evaluated on the standard x-grid gives F~1g. It is obtained by the periodic summation of F~1g

convoluted by the kernel l'ILc/lX,iz (which oscillate and is 0 outside the FoV L) and evaluated on the

standard x-grid.

In the case one want to evaluate F~1g by measuring g (which is what is done in MRI reconstruction),

what we obtain by the inverse DFT is the periodic summation of F~1g (which is responsible for fold-over

artefacts) convoluted by l'ILc/lX,ﬁz (which explains the oscillations that we call Gibbs artefacts).
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